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Foreword 


The present work, Bijaganitavatamsa, of Narayana 
Pandita contains the Sanskrit text with Introduction, 
English translation, exposition, notes, rationales of the 
rules, and complete solution of illustrative examples 
according to the methods of Narayana using modern 
symbols. 


Narayana Daivajfia or Narayana Pandita as he was 
popularly called, was the son of Nrsimha Daivajfia. He is 
solely a mathematician and the author of two works namely 
(i) Ganitakaumudi (G.K.) a mathematical treatise in 14 
chapters, and (ii) Bijaganitavatamsa a work on algebra. 
Besides these two works, Narayana has also written a work 
on Sanskrit prosody viz. Manimafijari on Sanskrit prosody. 
Narayana Pandita lived in the fourteenth century of the 
Christian era. 


Bijaganitavatamsa is a mathematical work, written in 
Sanskrit, by Narayana Pandita (1356 C.E.) The name 
Bijaganitavatamsa is a compound formed by the 
composition of the words bijaganita, meaning “algebra” 
(lit. *the science of calculation with elements" or the science 
of analytical calculation.") and avatamsa, meaning “a 
garland or any ring-shaped ornament", or "the crown." 
Bijaganitavatamsa thus means “a garland of the elements of 
algebra" or "the crown of algebra." 


The present name for the science of Bijaganita in 


English G8 Fatbepra prora" ie geret" AUS al-jabr 


ii Bijaganitavatamsa 


occurring in the title of an Arabic book on Algebra by al- 
Khwarizmi (died about 860 A.D.). As an operation, jabr 
denotes the transformation of a subtracted term to the other 
side of an equation and was used along with the three other 
operations, called mukhåbalah, radd, and ikmål (or takmil), 
for solving algebraic equations. 


The early (elementary) algebra was mostly the study of 
equations and methods for solving them while the modern 
(abstract) algebra is the study of mathematical structures, 
such as groups, rings, and fields. 


Usually Hindu works on algebra, is divided into two 
parts, Part I dealing with algebraic-processes essential in 
solving algebraic equations (bijopayogi-ganita) and Part II 
dealing with algebraic equations (bija). 


The Sanskrit text adopted here, is as found in the 
printed form, edited by Kripa Shankar Shukla which is 
based on an incomplete manuscript containing the whole of 
Part I and a few opening lines of part II, (and is incomplete). 


Part I sets forth the following three topics : 

(1) Algebraic operations (of addition, subtraction, 
multiplication, division, squaring and extracting 
the square-root) for each of the following : 

(1) Positive and negative numbers (dhanarna), 
(ii) The zero (sünya), 

(iii) Single unknown (avyakta), 

(iv) More unknowns characterized by colours 


a 
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(v). surds (karani). 
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(2) The Pulveriser (kuttaka), i.e. analysis pertaining 
to the indeterminate equation (ax + c)/b = y. 


(3) The Square-nature (varga-prakrti), i. e., analysis 
pertaining to the indeterminate equation : 
Nx? c= y’. 


The use of symbols - letters of the alphabet to denote 
unknowns - and equations are the foundations of the science 
of algebra. The Hindus were the first to make systematic 
use of the letters of the alphabet to denote unknowns. They 
were also the first to classify and make a detailed study of 
equations, Thus they may be said to have given birth to the 
modern science of algebra. 


The Indian method of writing equations was better 
than the Chinese, and in one respect was the best that has 
ever been suggested. The method is a fine example of 
syncopated (or semi-symbolic) algebra and the style was 
uniformly used for more than a thousand years. 


Indian algebra is especially noteworthy for its 
development of indeterminate analysis. 


The famous Indian Cakravåla or Cyclic method for 
solving Nx? + 1 =y? was known to Jayadeva (c,1000 
A.D.) or possibly to earlier Indians and is considered to be 
"certainly the finest thing which was achieved in the theory 
of numbers before Lagrange" (c. 1780). 


A study of this book, Brjaganitavatamsa, will reveal to 
the reader the remarkable progress in algebra made by the 
HindusC&to.&nvieagly Kdiüte: Sdtskrilhivalso Rshomcothatonwe are 
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indebted to the Hindus for the technique and fundamental 
results of algebra just as we owe to them the place-value 
system in arithmetic, and invention of the basic function 
‘sine’ in Trigonometry. 


Engineer Venugopal D. Heroor is a very keen, 
enthusiastic and devoted scholar of Indian mathematics. He 
has already benefitted students, teachers and other scholars 
by his “The History of Mathematics & Mathematicians of 
India”, “Bharatiya Trikonamiti Sastra”, “Brahmagupta 
Ganitam ”, *Patiganita Sara", Bhaskriya Bijaganitam and 
several other books. 


Readers (teachers, students, practitioners, historians 
etc.) will definitely find Er. Heroor’s present book, 
Bijaganitavatamsa also both charming and exciting as well 
as enlightening. 


Shrinivasa Varkhedi 
Vice-Chancellor 


Kavikulaguru Kalidas Sanskrit University 
Mauda Road, Ramtek- 441 106, Dist. Nagpur 
Maharashtra, India 
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Preface 


The present work contains the Sanskrit text of 
Bijaganitavatamsa of Narayana Pandita with Introduction, 
English translation, exposition, notes, rationales of the 
rules, and complete solution of illustrative examples 
according to the methods of Narayana using modern 
symbols. 


Bijaganitavatamsa [*The Crown of Algebra"] is a 
mathematical work, written in Sanskrit, by Narayana 
Pandita(1356 A.D.). A crtical edition of the work, 
availabale now, in printed form, edited by Kripa Shankar 
Shukla and published by Akhila Bharatiya Sanskrit 
Parishad, Lucknow, in 1970, is based on an incomplete 
manuscript containing the whole of Part I and a few opening 
lines of part II. 


Like other Hindu works on algebra, it is divided into 
two parts, Part I dealing with algebraic-processes essential 
in solving algebraic equations (bijjopayogi-ganita) and Part 
II dealing with algebraic equations (brja). 


Part I sets forth the following three topics : 


(1) Algebraic operations (of addition, 
subtraction, multiplication, division, squaring 
and extracting the square-root) for each of the 
following : 

(1) Positive and negative numbers 
(dhanarna), 
(ii) The zero (sünya), 
CC-0. Kae Si hele fikeho Wii verry Beenie Collection 


(iv) More unknowns characterized by colours 
(varna), 
(v). surds (karani). 

The method for finding the square root of a surd of the type 
(a+ Vb - Vc Vd ) as given in Rule 46-49,! and the 
method of finding the approximate values of the square-root 
of a non square number (quadratic surd) as given in rule 
86, were given by Narayana Pandita for the first time; and 
are note worthy. 


(2 The Pulveriser (kuffaka), i.e. analysis 
pertaining to the indeterminate equation : 
(ax t c)/b 2 y. 

Though the chapter on pulveriser in both the books 
Ganitakaumudi and Bijaganitavatamsa, by the same 
author, is nearly the same, two rules [for the solution of 
the pulveriser when the solution is fractional viz. rule 68 
and 69 ], an example [Ex. 36] and a comment available in 
this book is not available in the former one. A set of four 
Sutras [R.32-36(1)], followed by six examples (Ex.30-35) 
dealing with the residual and conjunct pulverisers sagra- 
kuttaka and samslista- kuttaka occuring (between verses 64 
and 65) in Ganitakaumudi are not found here in 
Bijaganitavatamsa. So they have been included here in 
Appendix-1. 


1. “SURDE& dN Hia MA THEMATIGR i by hetta and Sing hirevised by K.S. 
Shukla IJHS. 28 (3), 1993 Pp. 254-264. see Pp. 263. 


(3) The Square-nature (varga-prakrti), i 
analysis pertaining to the indeterminate 


equation : Nx? t c = y?. 


It is mentioned by the editor, that the manuscript 
breaks off after giving the list of contents of Part II and an 
example of a linear equation in one unknown. 


The Sanskrit text as found in the printed form, edited 
by Kripa Shankar Shukla (mentioned above) is adopted 
here. In the translation, the portion of English translation of 
verses available in the History Of Hindu Mathematics part 
-II (Algebra) by Bibhutibhusan Datta and Avadhes Narayan 
Singh is reproduced as it is. Occasionally, English 
translation of Ganitakaumudi by Paramananad Singh have 
also been reffered. Regarding the explanation part and 
rationale of rules some intermediary steps are added 
wherever found necessary. Complete solution of illustrative 
examples according to the methods of Narayana Pandita 
using modern symbols is given and the answers obtained 
are verified to facilitate the readers in general, students and 
Sanskrit scholars with elementary knowledge of 
mathematics in particular. 


Parallel rules and similar examples found in other 
available works on Hindu mathematics have been indicated 
in the translation and foot notes. Heading and sub-headings 
have been provided to facilitate consultation. 


I have been indebted to and relied on the expository 


source works by great savants like Bibhutibhushan Datta, 
A.N. Singh SRS Shiki: and Paramananad Sinsi” Works 


of Datta and Singh have been the main source of inspiration 
for me in this work. I express my sincere gratitude to all 
those stawarts in the field. 


I am grateful to Prof. Shrinivasa Varkhedi, VC, for 
gracing this book with his valuable foreword and also 
thanks to Prof. Madhusudan Penna, Director, Publication, 
Kavikulaguru Kalidas Sanskrit University for including this 
book in University Publications. 


I express my thanks and appreciation to Dr. Renuka 
Bokare, PRO for publication support and Shri. Umesh Patil, 
Sr. Clerk, KKSU for the cover page design. 

I express my profound gratitude to authorities of 
Kavikulaguru Kalidas Sanskrit University for taking up the 
task of publishing the work. 


The author hopes that this book will be quite useful and 
interesting to the students and researchers in the field of 
Indian Mathematics. 


Venugopal D. Heroor 
Chartered Engineer 
10-56, ‘Sri Dattadeepti’ 
Jayanagar, Sedam Road 
Kalaburagi-585 105. 
Karnataka State. 
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Introduction 


Narayana Pandita (A.D. 1356) : 


Narayana Daivajfia or Narayana Pandita as he was 
popularly called, was the son of Nrsimha Daivajfia. He is 
solely a mathematician and the author of two works 
namely (i) Ganitakaumudi * (G.K.) a mathematical treatise 
in 14 chapters, and (ii) Bijaganitavatamsa^ a work on 
algebra. Besides these two works, Narayana has also 
written a work on Sanskrit prosody viz. Manimafijari ^ on 
Sanskrit prosody. 


Padmakar Dvivedi: Ganitakaumudi (GK) : in two parts, The 
Princess of Wales, Saraswati, Bhavan Texts, No.57, Benaras, 
Part-I, 1936 and Part ll, 1942. 


Paramanand Singh: The Ganitakaumudi of Narayana Pandita English 
translation with notes. Ch. I to III. G.B.Vol.20. Nos:1-4 (1998) Pp.25-82. 
Ch.IV. Ganita Bhåratt (GB) . Vol.21. Nos.1-4 (1999) P.10-73. 

Ch.V-XII Ganita Bhåratt (GB) Vol.22. No:1-4 (2000). Pp. 19-85 

Ch.XIII Ganita Bharati (GB).Vol.23 Nos:1-4. Pp.18-82. 

Ch.XIV. Ganita Bhårati (GB).Vol.24. Nos:1-4 (2002) pp.35-98 


Takanori Kusuba, ‘Combinatorics and Magic Squares in India’ A study 
of Narayana Pandita's ‘Ganitakaumudi (GK)' chapters 13 and 14, 
Doctoral dissertation, Brown University 1993. Cf: Historia 
Mathematica 25 (1998)Pp.1-21, See P.21 Ref.2 


Ed. by K.S. Shukla, Akhil Bharatiya Sanskrit Parishad, Lucknow, 
1970. 


e: Vinyasagara, M., Vrtta Mauktika, Rajasthan Oriental Research 


Institue, Jodhapur, 1965, p. 531. 
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Comparison of the colphon giving the name of the 
author as Narayana Pandita and that of his father as 
Nrsimha at the end of Part I of Bijaganitavatamsa,* with 
the colphons occuring at the end of the various sections 
of the Ganitakaumud? leaves little doubt that the author 
of the Bijaganitavatamsa was the same Narayana Pandita 
as the author of the Ganitakaumudi . The identity of the 
authors of the Ganitakaumudi and the Bijaganitavatamsa 
is also established by the fact that most of the verses 
(including commentaries thereon) found in the sections 
dealing with kuttaka and varga-prakrti in the two works 
are almost literally the same. There is also a reference in 
the Ganitakaumudi to the author’s Bijaganita*. 


-NBi. I, p. 44. 
^ (i) sit aent Raet mforafaeragus 
sår mansa farfaarat forage füsrerqem: i 
— GK, I, p.105. 
(ii) sft så aent keer mora farsa TET 
uftsa farfaiaai mforaurent «tene ghaeTaen FAG: I 
— GK, II, p.192. 
(i) St Gann weer crffqeraques ft 
mafisa Ararat frr urent shpercrat prr 
Fant ATR: AAA: d — GK, II, p.232. 
(iv) sft of Ganache raet afters STAT 
uftst fatfaaat fures: ater A 
WAIHIETTT: GAA: | — GK, Il, p.245. 


*. Ganitakaumudi (GK) Part I, p.13, lines 15-17. 


Introduction XV 


The verse occuring in the end of the 
Ganitakaumudi (G.K. Part II pp.410) shows that the 
author's father Narasimha (Skt. Nrsimha) was a 
respectable brahmana well versed in $rtis and Smrtis and 
a devotee of God Siva and that besides being a good 
scholar of the Sastras , he had acquired a high degree of 
proficiency in the mechanical science, the science of arms 
(Sastras,) and logic.’ 

Narayana Pandita lived in the fourteenth century 
of the Christian era. The concluding verse of the 
Ganitakaumudi shows that the Ganitakaumudi was 
completed on Thursday, the second tithi of the dark 
fortnight of the month Kartika, Samvastara Durmukha,® 
Saka year 1278. This corresponds to Thursday, October 
14, A.D.1356. The Bijaganitavatamsa which is mentioned 


7, sit rever feite srt 
tet: sftrvauresaffeansr: amter Ran: | 
sitaarafefarar cao: fareafaemrrew: 
"me ae Ta Tarai: siyftet PP: ue 


—GK, II, p. 410. 


e mma 2900 ar quud age Af I 
eq faeit por yt arkene Ot UA 0 
-GK, II, p. 411. 


sit sfr aan stage 997 aea 
agia raet: | HAr Taatyet | -GK, 1, 412 
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xvi Bijaganitavatamsa 


in the Ganitakaumudi ? was evidently written prior to this 
date. 

It is not known where the author lived and 
worked, but the distribution of manuscripts indicates that 
he was possibly from North India. 


Bijaganitavatamsa: 

The name Bijaganitavatamsa is a compound 
formed by the words Bijaganita, meaning "algebra" (lit. 
“the science of calculation with elements”), and 
avatamsa, meaning " a garland or any ring shaped 
ornament", or "the crown". Bijaganitavatamsa thus 
means "a garland of the elements of algebra" or "The 
Crown Of Algebra". 


The work availabale now, in printed form, 
published by Akhila Bharatiya Sanskrit Parishad, Lucknow, 
in 1970, is incomplete. It has been mentioned by the 
editor, Kripa Shankar Shukla, that the crtical edition 
brought out is based on an incomplete manuscript 
containing the whole of Part | and a few opening lines of 
part Il, which was acquired by the late Dr. A. N. singh, 
belongs to their collection. 


Like other Hindu works on algebra, it is divided 
into two parts, Part | dealing with algebraic processes 
essential in solving algebraic equations (bijopayogi- 
ganita) and Part II dealing with algebraic equations (bija). 


Part | sets forth the following three topics : 


? , sm ur wet wd ste avd udatert 
Get ae: 1 ard dif dover a Get 


aaa: | -Ganitakaumudi (GK) Part I, p.13, lines 15-17. 


Introduction xvii 


(1) Algebraic operations (of addition, subtraction, 
multiplication, division, squaring and extracting 
the square-root) for each of the following : 


(i) Positive and negative numbers (dhanarna), 

(ii) The zero (sunya), 

(iii) Single unknown (avyakta), 

(ivy) More unknowns characterized by colours 

(varna), 

(v). surds (karani). 
Thus, operations in all works out to 30 only. But the 
number of operations as mentiond in the work are 
thirty-six (sattrimsat -parikarmani). 


(2) The Pulveriser (kuttaka), i.e. analysis pertaining 
to the indeterminate equation (ax + c)/b = y. 


(3) The Square-nature (varga-prakrti), i. e., analysis 
pertaining to the indeterminate equation : 
Nx? + c= yè. 
It is mentioned by the editor, that the manuscript breaks 
off after giving the list of contents of Part Il and an 


example of a linear equation in one unknown. 


From the opening lines of Part II of the work, we learn 
that it dealt as usual with the following algebraic 
equations (bija): 


(i) Linear equations in one unknown (avyakta- 
samikarana). 

(ii) Linear equations in more than one unknown 
(varna- samikarana) 

(iii) Elimination of the middle term (madhyama- 
harana), orthe quadratic equation. 
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(iv) Equations involving the product of different 
unknowns (bhåvita-samatva). 

The method for finding the square root of a surd of the 
type (a+ Vb + Vc + Vd ) as given in Rule 46-49,? and the 
method of finding the approximate values of the square- 
root of a non square number (quadratic surd) as given in 
rule 86, were given by Narayana Pandita for the first 
time; and are note worthy.” 


Special Notable Features In Narayana Pandita's 
Ganitakaumudi : 

i) K.S. Shukla has shown that the so called Fermat's 
factorization method was given by Narayana in the 
Ganitakaumudi ^^ about three centuries before it struck 
the mind of the French mathematician Pierre de Fermat 
in 1643. 

ii) Narayana Pandita was the first Indian to give rules for 
testing arithmetic operations by casting out any desired 
number P. 

iii) There are quite a few problems which were proposed 
and solved for the first time by Narayana. For example, 
mention may be made of the following: 


10 ”SURDS IN HINDU MATHEMATICS" by Datta and Singh revised by 


K.S. Shukla UHS. 28 (3), 1993 Pp. 254-264. see Pp. 263. 


11 


. 'APPROXIMATE VALUES OF SURDS IN HINDU MATHAMATICS' by 
Datta and Singh revised by K.S. Shukla Indian Journal of History of 
Science (IJHS) 28 (3), 1993. 265-275. 

.G.K.II Ch.xi Vs 51/2-81/2 Pp. 245-247 K.S.Shukla : "Hindu Methods 
for finding factors or divisors of a number', Ganita 17, No.2 Pp. 
109-117. 1966. 

. G.K.ll Pp. 255 Vs 11, History of Hindu Mathematics (HHM) I. Pp. 
183-184. 


12 


13 
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"A cow gives birth to a she-calf every year; and the 
calves themselves start giving birth when three years old. 
0 learned one, tell the number of progeny produced by 
the cow in 20 years" ^ (answer: 2745). 


iv) The age old practice of performing area and perimeter 
preserving transformation led Indians to marvellous 
discovery of the third diagonal of a cyclic quadrilateral. 
Narayana Pandita dealt with the subject? and knew the 
beautiful relation: R 7» xyz/ 4A between the diagonals 
Xy, z, area A, and circum radius R of any cyclic 
quadrilateral.** 

v) He has determined all rational triangles whose sides 
are consecutive integers" (G.K.II. pp. 150-153; Vs-118- 
120). These are with side lengths: (3, 4, 5) ; (13, 14, 15) ; 
(51,52, 53) ; (193, 194, 195) ; (2701, 2702, 2703) ; (10083, 
10084, 10085) ; (37633, 37634, 37635) etc. The areas of 
these triangles are 6, 84, 1170, 16296, 136 1340, 
44031786 and (12266893267/2) square units respectively. 


1^ yat ci: gå aAA quis qum d 
fast frat aera deat Fet NEN 
-GK. Part-I. Ch.III. Ex.16. Pp.126-127 
15 GK. Part-Il Ch.IV — Vs-131-148. Pp.164-192. 
Paramanand Singh: ‘Quadrilateral and Its third diagonal’ 
Vishveshvaranand Indological Journal. Vol.XXI. Part i-ii 1983, Pp 
219-227. 


16 -quedqmeídgd Aasaa vea 83C(i)I 
-GKII, iv, 138(i), p. 174. 


. K.Venkatachaliyengar : "The Development of Mathematics in 
Ancient India”, "Scientific Heritage of India" Proceedings of a 
National seminars, June, 1988 The  Mythic Society, 
Bangalore.Pp.47 


17 


CC-0. Kavikulguru Kalidas Sanskrit University Ramtek Collection 


Xx Bijaganitavatamsa 


vi) Narayana Pandita has extended and generalized the 
concepts of pratyayas of Sanskrit prosody to 
combinatorics. He dealt with the subject in detail and has 
devoted a complete chapter viz. Ankapasa of his work 
Ganitakaumudi for the purpose. 


The treatment of complicated sequences and net of 
numbers (ankapasa)"® is note worthy. The rule for finding 
the general term of Süci-pankti (“Spindle line") is 
equivalent to finding the coefficient of a general term in 
multinomial expansion. 


viii) Narayana’s method of summation of any order 
triangular number or  Varasankalita shortly, has 
established a way for the development of integration 
series in connection with quadrature of the circle and 
allied problems. 


m For details, See The Ganitakaumudi of NarayanaPandita chapter 
XIII, English translation with notes by Paramanand Singh, Ganita 
Bharati Vo. 23, No.1-4 ( 2001) 18-82. 


Paramanand Singh: (i) ‘The So-called Fibonacci Numbers in 
Ancient and Medieval India’ Historia Mathematica Vol.XII (1985) 
Pp.229-244 and (ii) ‘Binomial and Multinomial Theorems in India 
and Central Asia' ; Interaction between Indian and central Asian 
Science and Technology in Medieval Times (Indo-Soviet Joint 
Monograph Series) (Ref.28.1) Vol.| Pp.297-311 INSA. New Delhi 
(1990) 


Heroor Venugopal. D. Development Of Combinatorics From The 
Pratyayas In Sanskrit  Prosody,(2011). Sanskrita Bharati, 
Jhandevalan, New Delhi 100 055. 


Also see : Takanori Kusuba, Combinatorics and Magic squares in 
India, Doctoral Dissertation Brown University 1993. 
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viii)The last chapter of the work is on magic squares, 
whose treatement is comprehensive and touches new 
heights. Interestingly, magic squares are said to have 
been first taught by lord Shiva to Manibhadra, the king of 
Yaksas, on acount of which, the Ganita is called after his 
name as Bhadraganita (G.K. | Intro pp.ii-iv). 


In Tantra Sastra they are called yantras. As they 
were supposed to possess mystical properties, they were 
kept secret and were not dealt with in Arithmetic by 
Indian mathematicians. But Narayana, defying this 
superstitious belief, touched upon the subject and gave 
definite rules for the construction of them containing an 
odd or even cells.? Narayana’s Magic Square of constant 
111 is shown below. 

















1 6 
25 30 
24 22 
13 15 
12 7 
36 31 




















1 G.K. Part-Il. Pp. XV-Xvi and Ch.XIV GKI SD. (Ref.15) Pp.118-122. 


R.C.Gupta: Yantras or Mystic Diagrams: A wide Area For Study in 
Ancient And Medieval Indian Mathematics. JHS. Vol.42. No.2 
(2007) Pp.163-204. 
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Taraneh (fied) eme gorad TT: | 
morfar set Het I fn aT AT GR outil 


*[ adore that Brahma, also that science of calculation 
with unknown, which is the one invisible root-cause of the 
visible and multiple-qualitied universe, also of multitudes 
of rules of the science of calculation with the known." "Win 


aretsafaafift «feaneaafant 34 | 
Søre emot (9) aq fraser usu 


“Is there any other thing (science) than the Infinite 
Mathematics by which one can manifest (measure) 
Brahmanda (egg of Brahman), (the source of all universe) 
so clearly like the emblic fruit placed in one's palm ? Il 2 1 


Tora «TW st vsaaaqenfarT IE I 
anforafarafastfefaaadft ma ua 





* HHM, II, p.5. 
CC-0. Kavikulguru Kalidas Sanskrit University Ramtek Collection 


2 Bijaganitavatamsa 


*As Vishnu, of infinite valour, is named as Trivikrama, 
so also the infinite science of computation (Mathematics) 
is renowned as Ganita in this world." N 3 Il 


agep uaga: maaa uit | 
a aft at mg wr waft ngena gf: ivi 


“As a Yogi, a Spiritual person, attains the Supreme 
Truth by the grace of his preceptor, experience and 
constant practice, a person by knowing different operations 
pertaining to numbers can become a leader among 
mathematicians.” Il 4 Il 


"wrubu d owsd get qemu I Fn | 
embsememb g URBIS ill 


æra ag manfaest wafer meuf | 
wheat cp am fer at qi en 


*People ask questions whose solutions are not to be 
found by arithmetic ; but their solutions can be generally 
be found by algebra. Since less intelligent men do not 
succeed in solving questions by the rules of arithmetic, I 
shall speak of the lucid and easily intelligible rules of 
algebra.”? n 5-6 II 





? HHM, II, p. 5. 


AAN- 
(2) wefism ufteratftr 


(36 - Logistics) 
(i). erroteg faer 


(6-OPERATIONS WITH POSITIVE AND NEGATIVE NUMBERS) 
| -j e N z 
SUT aa TTA | 
smaga Aa eA quel 


1.1 : Rules for addition of positive and negative numbers : 


* The initial letters of the names of knowns and 
unknowns should be written for implying them. Those 
(known and unknown) which are negative should be 
written with a dot (bindu) over them.” 'n 71 


"Hr eat: ga: e A Aa | 
Aae 9 At Aag uei 


“In the addition of two positive or two negative 
numbers the result is their sum ; but of a positive and a 
negative number, the result is their difference ; subtracting 
the smaller number from the greater, the remainder 
becomes of the same kind as the latter.”? 1 81 


* HHM, II, p.17, fn.3, and p.14, fn.2. 
* (i) BrSpSi.xviii-30;(ii) GSS, i.50-51; (iii) Si.Se. xiv- 3 ; iii.-28; 
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saqe UH - 


mea mheaa AH AU | 
ag aRt sf ae m xw AR Auen 
Ex. 1: "Oh friend, if you know, tell me at once, sum of : 


{(+ 3) + (+5)}; (0-3) + (-5)); also ((3) + (—5)}; and 
((—3) + (45)}.” I 11 


Solution : (i) 3 + 5 = 8, 
Gi) —3 + (-5) = cg, 
Gii) 3 + (-5) = -2, 
(i)-3*4 5 = 2. 


Bit GUS i 


Thus ends the addition of positive and negative numbers. 
arusaaet Faas — 
epa saa av: wp | (i) u 


1.2: Rule for subtraction of positive and negative 
numbers: 


*Of the subtrahend affirmation becomes negation 
and negation affirmation ; then addition as described 
before." u 9(i) u 
IEU, - 

«us Sah at aaa at aa I 

ert ardor erat ai at I alter Gara] ANG URI 


(iv) BBi, R.3; Cf. HHM. II. p. 20. £n. 4 and p.21. £n. 1-5., 
3 (i). BrSpSi. Xviii.31-32; (11. GSS.1.-51; (1i1).Si.Se. xiv-3; (iv).BBi. 
R. 191 51. Cf. HHM. II. p. 22. 


Logistics 5 


EX. 2 : "(Subtract) —5 from —8, +5 from+ 8 , and 
* 5 from — 8, also after making the positive negative, and 
the negative positive and carrying out subtraction tell me 
the remainder." II 2 II 


Solution : (i) —-8 —(-5) = -3, 
(i) 8—(5) = 3, 
(iii) -8 — (+5) = —13, 
(iv) 8-(-5)= 13. 
sft eaha | 


Thus ends the subtraction of positive and negative numbers. 
aa mho garate - 
OTA St TATU TAT ATA US (iil 
1.3 : Rule for multiplication of positive and negative 
numbers : 


“The product of two negative or two positive 
(numbers) is positive; the product of negative and positive 
is negative.* u 9(ii) N 


IEU - 
Sued maah Sb AP art eråt | 
et est art arv fart gere få qur wet vam dii 
Ex. 3 : "Tell me the products sevarally, in the multipli- 
cations : (2x 5), (-2 x —5), (2 x —5),and (-2 x 5)” 1 3I 
Solution: (i 2x 5= 10, 
(ii). -2x —5- 10, 


^. (i). BrSpSi. Xviii.-33; (ii).GSS.i.-50; (iii).Si.Se. xiv-4; (iv).BBi.R. 
3/7; Cf. HHM. II. pp. 22-23. 
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Gi) Warez 
Wagener: BUA — 
vaub a wd Aat ar ada aq vale | 
Berar aq Fat cmemmenqua usu 


2.1 - 2.2 : Rule for addition and subtraction with zero : 


“When zero is added to or subtracted fom a positive 
or a negative number the number remains unchanged; and 
thus results in the same number. If a positive or negative 
number is subtracted from zero its sign is reversed.”' 11 Il 
That is, 1. a+0=a 

ii. a—0-a 
iii. 0— (+a) = —a 
iv. 0—(-a) = +a 

where ‘a’ is either a positive or a negative number. 

Sq - 
wary AF GU UT aware faafstar | 
sere: genre rb ar få ve curs W ena NEI 


Ex. 6 : "Oh friend, zero is added to or subtracted from 
—5 and + 5. Or from zero those are subtracted severally ; 
O mathematician, what happens tell me (the results) 
separately." II 6 II 


Solution : 
| -5+0= —5 
II 5+ 0 =5, 
Hl 0—(—5) = 5, 


Thus ends the operations of addition and subtraction with zero. 


! , BBI. R. 2&/12. Cf. HHM, I p.242. 
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spams saurait - 
@ wie aye & = 
qA: wy Ww aft ie) 
2.3 : Rule for multiplication with zero in half a stanza : 


"Zero multiplied by a number is zero ; and a number 


multiplied by zero is also zero.” | 12(i) | 
That is, (v). Ox a= 0 
(vi. ax 0= 0 


where ‘a’ is either a positive or a negative number. 


STAT SITGTET TET: 
"dumme wes I gium odi 


Example : Zero is multiplied separately by + 3 and also by 
—3 , tell me quickly what is the product ? Also tell the 
product when + 3 and —3 are multiplied by zero. Il Extra I 


Solution : 
l. 0x 320 
Il. 0x -—3=0 
Hl. 3x0=0 
IV. —-3x0=0. 
oft arora: 


Thus ends the operations of multiplication with zero 
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"umet Tay - 
wd at fare c ar: Gaia: Ge UNN 
2.4: Rule for( multiplication etc. ) division with zero : 


"Zero divided by a number is zero ; a number 
divided by zero is kha-har (that number with zero as 
denominator).”? n 12 | That is, 


aat d0 
(vi). -=0 
a 
EM a 
(viii) = khahara 
where ‘a’ is either a positive or a negative number. 


ARA aft wpa: pt Tt wes | 
Ga aarfagdt af3rratsa Afr 183 
2.5 : kha-guna, kha-har, avikrtih : 


“If any further operations impend, zero having 
become a multiplier (of a number), then the zero must be 
retained as a multiple of that number (kha-guna). If zero is 
a multiplier (kha-guna), and afterwards again become a 
divisor (kha-har), then the number must be understood to 
be unchanged (avikrta) here, by the learned.” u12(ii)-13 11 


That is, 
(ix). (ax 0) 0= a 


where ‘a’ is either a positive or a negative number. 


2. -L(ASS)- 45-46 ; C£. HHM. I. p. 242 
3 | L(ASS)- 45-46 ; Cf. HHM. I. p. 242 


Logistics (Zero) 11 


SAAS (AT) ERU: 
afarer vakt dq uel 


Ex. 7 : "Zero is divided by +3 and also by —3 ; tell me the 
quotients quickly. +3 and also by —3 are (severally) 
divided by zero, Oh mathematecian if you know, tell (the 
results).” 171 


Solution : 
l. 0+3=0 
Il. 0+ -3=0 


Hl. 3 + 0 = khahara= oo 
IV. —3 + 0 = khahara = œ. 


ure seué I daft anit waa yN 
2.5.1 : Property of kha-guna : 


"Once a quantity becomes zero through multiplication 
by zero, and then again if divided by zero, it can never be 
reverted to its original form (or value) “just as" a yogin 
will not revert to rebirth after attaining the blissful state of 
Brahma.”* i 14 





^. R. C. Gupta : Zero in the mathematical system of India’ in ^ The 
concept of Sünya" New Delhi, 2003. 
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Weds s - 
afer Aan: wet 7 warafe ufageaf] friga | 
FEAT AHI SHASTA TS TET ULI 


2.5.2 : Rule stated by former scholar (Ancient-rule)? : 
Property of kha-hara: 


“In this quantity consisting of that which has zero 
(or cipher) for its divisor, there is no alteration, though 
many may be inserted or extracted; as no change takes 
place in the infinite and immutable God, at the period of 
the destruction or creation of worlds, though numerous 
orders of beings are absorbed or put forth." W 15 II 


ZAMER: | 
Thus ends the operation of division. 


a-a- yR- as TY GF - 
v agi Ri ar & aq Gated I fdgd av | 
aa FÅ: Wave waa uda faster nen 


2.6: Rule for addition, subtraction, multiplication, division, 
evolution and involution of zero : 


“When zero is added to or subtracted from zero the 
result is zero ; zero multiplied by zero, or zero divided by 
Zero, is zero. square of zero is zero; square-root of zero is 
also zero; thus everywhere (ie. in each operation) the 
result is to be understood as only zero." i| 16 I That is, 


>. This is the last verse in the section of operations with zero, in the 
Bijaganita of Bhåskara II. [BBi. R. 20/16.] Cf. HHM. I. p. 243. 


ê Serial number of this verse is mentioned as 15 inthe printed edition. 
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i 0-020 
ii O-O=0 
i. 0x020 
iv. 02020 
v 07=0 
v. v0=0. 

IAFUT - 

xg ap ad a far fared få av et cup får 

får ub fang afte mere ot ytet få ae | 


vår: esf Gastar Aea: wears 
stat wear d qd wa get wife yards AT ic 
Ex. 8: (i). Find: 0+ O=?; O-—O=?; Ox O=?; 
0s 02527. 07 =? ; V0 =? 
(ii). {(xx 0) + > (xx 0)} + 0 = 12, solve for x . 


Solution : Following Narayana Pandita, 

step-1 cx 0) + (xx 0)} =0x (x + +x) 
d uu. d 

step-2:0 x (2x) + 0= 5x 


2x12 _ 


8. 
3 


Here, assuming arbitrarily the number 2, for the 
unknown, Narayana obtains the valueof LHS as 3. Then by 
the rule of three he arrives at the result : 8. In the course of 
solution of the example, Narayana remarks (p.7) : 


p Tur: AF armettsat TOT YI I ST, o.l 
a: mf vr: mug ga: greta avdefia 
Ua I Hated afe TOAST WI | 
eR BET BST | 


Thus ends the six operations with zero 





step-3 254 - 12 “X= 
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2.7 : Infinity : 


Bhàskara II makes it clear that infinity or infinite 
quantity (ananta rasih) is called khahara. He was aware of 
the fact that the Ahahara remains unchanged by addition or 
subtraction of any finite number N. 


That is, 
khahara + N = khahara ..... (x) 
or symbolically: (+)oo+ N= (+)o. 

In this connection the exposition of commentator 
Ganesa (son of Kesava Daivjfia) is quite relevant. In his 
Buddhivilasint commentary on Lilavati (A.D. 1545) 
Gane$a Daivjfia remarks (p.39) that : 


vd at weit wc | ar viet ad d vet | 
"dist wf3r fat tat args: aq | wur Å - 
Wed SA Sed AA War: FIAT Tu | 


“A quantity the denominator of which is zero is 
khahara; i.e., . Itis an indefinite and unlimited or infinite 
quantity: since it cannot be determined how great it is. It is 
unaltered by the addition or subtraction of finite quantities: 
since in preliminary operation of reducing both fractional 
expressions to a common denominator, preparatory to 
taking their sum or difference, both numerator and 
denominator of the finite quantity vanish.’ " 


About the evolution of khahara (a/0) [from the 
fraction (a/b)] and its nature, (by numerical consideration 
only), Krsna (son of Ballala) who wrote the commentary 





7. HHM.I. p. 244. 
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Navankura (also called Bijapallava etc.,) on Bijaganita of 
Bhaskara II in about 1600 A. D. remarks (p.28) : 


"TET TET AAT TED mdevav: em fd 
asta Tarot met: UAT uren | erpafedrela 
qfé wed 9 varese. | stat creel erases va 
Were ddgquusi wed VÅRE zd | 


*As much as the divisor (5) is diminished, so much is 
the quotient (a/b) increased. If the divisor is reduced to 
the utmost (parama), the quotient is increased to the 
utmost. But, if it can be specified, that the amount of the 
quotient is so much, it has not been raised to the utmost 
because a greater than that is possible. Therefore the 
quotient is great without limit, and the resulting khahara 
quantity is infinite (ananta).* " 


We may say that he was aware of the limit 


lim (3) = œ (numerically) ...... (xi) 
€20 

Earlier some misunderstanding and confusion 
prevailed about Bhaskara’s statement , that the khahara 
remains unchanged by addition or subtraction of finite 
quantity. For instance, Ganesa (son of Dhundhiraja), the 
author of Ganitamanjari (circa 1560 A.D.), combined 
(11/2) to the khahara (4/0) to get 
4, 11, 4x2:11«0 8 


0 2 0x2 0 
by the usual arithmetical process. Thus the khahara (4/0) 
has changed to khahara (8/0) and so Gane$a concluded 
that there is change (vikårah) in the khahara contrary to 





8 HHM.I. p. 244. 
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what Bhaskara II believed (apparently the confusion is due 
to lack of a single form of a symbol for khahara). 


However, Krsna refutes the above criticism by saying 
that although the forms (such as 4/0 and 8/0 ) are 
different, their value is same (each being infinity). In other 
words he showed that (pp. 29-30) : 

b 


i or a. (xii) 


For this he takes an astronomical problem. We know 
that the length of the shadow s of a gnomon of length g 
when the sun's altitude is a is given (in ancient form) by: 


s= g. (==) ee aes (XL) 


Rsina 
where R is the radius of the circle of reference (chosen 


arbitrarily). At the sun-rise, the altitude is zero and the 
shadow will be given by 





s= e T E 
The usual value of g was 12 angulas. For a few 
values of R, Krsna correctly gets the corresponding values 


ofs as follows : 


R= | 3438 120 100 90 
s= | 41256/0 | 1440/0 | 1200/0 | 1080/0 





























Since even with the choice of different radii 
(nanatrijyà), the length of the shadow of a gnomon at any 
time must be same (chaya tulyaiva), he rightly concludes 
that the above various values of the shadow must be equal. 
This illustrates the truth of (xii). Thus each form of above 
present the same khahara (here infinite shadow)". 





?. R. C. Gupta : Zero in the mathematical system of India’ in The 


concept of Sünya New Delhi, 2003. 
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2.8 : Zero as an Infinitesimal : 


The idea of zero as an infinitesimal is quiet evident 
from the term kha-guna used while stating a x 0 = 0,and 


ax0 i . La 
then 56 c above. Krsna in his commentary, Navankura 


(ASS. p.18) on Bijaganita of Bhaskara II proves the 
result, 0x a- ax O0 as follows: 


qaem eA fa aq o une 
LATT uranet vore US Ye | 
wenns cu att weenie pt ub quand 
pdf fast | ud pmanstasneft JAKE STYAE 
que ret TOTAL FaSt | 


* The more the multiplicand (gunya) is diminished, the 
smaller is the product; and, if it be reduced in the utmost 
degree, the product is so likewise : now the utmost 
diminution of a quantity is the same with the reduction of 
it to nothing ; therefore, if the multiplicand (gunya) be 
nought (i.e., zero), the product is zero (or cipher). In like 
manner, as the multiplier (gunaka) decreases, so does the 
product; and, if the multiplier (gunaka) be zero (or 
nought), the product is so too.'° " 


In the above, zero is conceived of as the limit of a 
diminishing quantity. 





10 HHM. I. p. 243. 
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2.9 : Indeterminate Forms : 


Å å x0 
In connection with the unusual rule, == a the 


exposition of commentator Gane$a (A.D. 1545) in his 
Buddhivilasint commentary on Lilavati (p.40) is as 
follows: 


Tat: apr qu wer eurer fafüdrefer wer tor 
vr: @ eae 9 iq 1 fq art aa Teen 
ærafaft | wa: faat md ya: Meat gu 
WITHA AAT: CHE | 


“When a quantity has zero multiplier and other 
operation is there, then the rule a x 0 = 0 should not be 
applied. But the zero should be placed by its side as a 
multiplier. If for the remaining operation , zero is a divisor, 
then due to equal multiplier and divisor, the zero (in the 
numerator and denominator) should be cancelled (nasah 
karyah).” 


That is, we get (viii) by cancelling the zero in the 
numerator of the left hand side with the zero of the 
denominator. 


Bhàskara's own example! is : 
am: at fremere feafirer fora: area: ii 
That 1s to find x from the equation 


[e 0)+ + (xx 0)}x3 


|- 63. 
0 


This can be written as : (3) "(xx 0): (3) - 63 





11 


L(ASS). p .40. vs. 47. 
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« — Q€.e 


Now by applying — a we easily get the solution 





x = 14as given by Bhåskara II. 


His other examples"? are: 


(ts x-9) + (+ x-9)}o= 90 


giving x = 9;and 


{(x+ 3) xo} + a{(x+3)x o}+ o 15 


giving x = 2. 
The answers of this and the previous example are incorrect 
because 0? has been taken to be equal to 0. 


Of course, we know that the cancellation rule : 
(x x n) 





n 
is not valid if n is zero (or infinity). But what to say of 
ancient and medieval writers, even modern scholars have a 
pitfall in this respect. 


Actually, the value of the left-hand side of = =a is 


indeterminate because ax 0 is zero. In fact, once a 
quantity x becomes zero through multiplication by zero, it 
can never be reverted to its original form (or value) “just 
as”, in the words of Narayana Pandita (1356) stated above: 
“A yogin will not revert to rebirth after attaining the 
blissful state of Brahma.” [N.Bi. I. R-14] 


? See examples 69 and 70 stated in verses 135 and 136 respectively, 


in the Bijaganita of Bhaskara II . 
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AMAHAFAT ACHAT SUNT - 
mama aretha fat sf: d 
aa - ferae fit Tera: WS TAIT NL EN 


FAAR Aah Srreren ST ANS T—-TY AMAT: | 
Totes fåfear GAMA Ul 


(Notations for unknowns) : 


* Yavat-tavat (so much as), kalaka (black), nilaka 
(blue), (pitaka) (yellow), lohitaka (red), haritak (green), 
svetaka (white), citraka (variegated), kapilaka (tawny), 
påtalaka (pink), påndu (pale-white, or yellowish-white), 
dhümraka | (smoke-coloured), ^ savalaka ^ (spotted), 
syamalaka (blackish), mecaka (dark blue), dhavalaka 
(white), pisanga (reddish-brown), såranga (green), 
babhru (deep-brown, reddish-brown), gaurah (white, 
yellowish, pale-red), etc. colours have been prescribed as 
the notations for the measures of the unknowns, for the 
purpose of calculating with them.’ | 17-18 Il 


Nåråyana has further added (in the commentary) : 
aaar auf: ret: , STOOD veret avatar; SAAT 
ASMA ALATA ST: FER I 


“Or the letters of alphabets (varna) such as ka, etc., or 
the series of flavours such as madhura (sweet), etc., or the 
names of dissimilar things with unlike initial letters, are 
assumed (to represent the unknowns).” 


I. BBi. R. 22/17; Cf. HHM, II, pp.18-19. 
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3.1-3.2: Rules for addition and subtraction of unknowns : 


ady a aaea: ærer faatvsr | 
Haga erp et: sara faat 4 uran 


* Of the colours or letters of alphabets (representing 
the unknowns) addition should be made of those which are 
of the same species ; and similarly subtraction. In the 
addition and subtraction of those of different species the 
result will be their putting down severally.” ? n 191 


arreratffafagedt yor afatfqet I | 
aai Aga RUagteaUi Taft Non 
“In the addition, subtraction, multiplication, 

division, squaring, and extracting the square-root of two 
or more unknowns with positive or negative signs, the 
method will be the same as explained in arithmetic.” 201 
IEU - 

apie G Rb Weenbgnrew FÅYSTETT | 


Aig MST Aa: IEA FM ISI 


Ex. 9 : "What is the sum of the two quantities : (6x * 1) 
and (2x — 5) with both positive and negative signs? Also 
tell the sum after reversing the sign.” n 91 

Solution : In accordance with the rule stated in verse 19, 
adding the unknowns of the same species and the 
absolute numbers mentioned in the example : 


6x+ 1 —6x—1 6x + 1 —6x—1 
2x—5 2x —5 —2x+5 —2x+5 
8x —4 -4x —6 4x * 6 —8x + 4 


? (i). BrSpSi.xviii-41; (ii). BBi. I 221 18 |. Cf. HHM. IL pp. 25-26. 
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Sem - 
aaaf Tag 
HAMA od cw f sam | 
wed g gegi: ig 
aH var TU | waa 
Ervarssats afe dies FIST uto 


Ex. 10 : "What is the sum of (2x? + 0.x + 1) and (2x) ? If 
you know algebra tell me the remainder when (—6x * 1) 
is subtracted from (8x + 6)." II 10 II 


Solution : 
2x?* Ox * 1 8x+ 6 
0x? + 2x+ 0 (-) —6x + 1 
2x? * 2x+ 1 14x 4 5 


FAAPE RARAN | 
Thus ends the operations of multiplication and divisions 
with the unknowns 


AMAT RUHAN, - 
enguan qui, ferfagesnfaat | 
aAa: ep, AF mA ust 
Forener easníduusrs atas | 
sania AAT TAT URI 
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3.3 and 3.5 : Rule for multiplication (and squaring) of 
unknowns : 


“A known quantity multiplied by an unknown 
becomes unknown; the product of two, three or more 
unknowns of like species is its square, cube etc.; and the 
product of those of unlike speices is their bhavita.* 


The multiplicand is put down separately in as many 
places as there are terms in the multiplier and is then 
(severally multiplied by those terms; the products are then) 
added together as in the case of knowns; Here, in the 
squaring and multiplication of unknowns, should be 
followed the method of multiplication by component parts, 
as explained in arithmetic." I 21-22 II 
Salou - 


araandfaanfkt eum: USTs | 
mu få vn wa 99 wet Å GG I Heute 
ar av veta ak cd ART uti 


Ex. 11 : "Oh, friend ! what is the product when (2x + 6) 
is multiplied by (—3x * 5) ? Also tell me the product 
after reversing the sign of the multiplicand and the 
multiplier, if you are skilful in multiplication." Il 11 II 
Solution : 


EX.11.1: 
multilpicand 2x* 6 
multiplier —3x-* 5 


? Cf. BrSpSi xviii.-42. BBi. R. 3&/21. 
HHM II. p.26, f.n.4 and 5 
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Put down the multiplicand at two places as there are two 


terms in the multiplier; and then multiply the multiplicand by 


each term of the multiplier separately. 


(2x + 6) (2x + 6) 
x (—3x x (+5) 
(—6x? — 18x) (10x + 30) 


Sum of the products is the desired result. 


« product — (6x? — 18x) + (10x « 30) 
or  —6x? — 8x + 30. 




















multilpicand 2x * 6 

Ex.11.2 :13x—5 

multiplier 

product (6x? + 18x) + (—10x — 30) 
or  6x?-« 8x — 30 

















Ex.11.3 : 
multilpicand —2x—6 
multiplier 3x —5 
product (76x? — 18x) + (10x + 30) 
or | —6x? — 8x + 30 
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TAHT FAR - 
eaa atd wedubsrnt aat wnem | 
AM: TAY Fay varig wenft ST: UI 


3.4: Rule for division of unknowns : 


“By whatever unknowns and knowns, the divisor is 
multiplied (severally) and subtracted from the dividend 


successively so that no residue is left, they constitue the 
»5 


quotients at the successive stages.” II 23 II 
SAAPDANTEN: | 
Thus ends the operation of division with the unknowns. 
(sees sae -) 
arret. xeu 


yor at ar art Uwe | 
aq Amts ae: FAY 
Wet fast! ak at qemp ft WU 


Ex. 12 : "Oh learned man ! If you know algebra, Tell me 
the square of (6x — 5) or (6x + 5) and also the square- 
root of the result, separately." N 12 II 


Solution : 

(i. (6x— 5)? = (6x —5) x (6x — 5) 

(36x? — 30x) + (—30x + 25) 
36x? — 60x * 25. 


(ii). (6x+ 5)?- (6x+ 5) x (6x * 5) 
= (36x? + 30x) + (30x + 25) 
= 36x? + 60x + 25. 


>. BBi. vs. IA 2411, HHM II. p.27, f.n.2 and 3 
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(Ser Het FUNGAA - 
yarad TEA Karate | 
Ryo maraq perfidia darts uv 


3.6 : Rule for square-root of unknowns : 

“First find the root of the square terms (of the given 
expression); then the product of two and two of them 
(roots) multiplied by two should be subtracted from the 
remaining terms; (the result thus obtained) is said to be the 
square-root here (in algebra).”° Il 24 II 


Example : Find the square root of : 
(i). 36x? — 60x + 25; 
(ii). 36x?+ 60x+ 25 
Solution : 
36x? — 60x + 25 = (6x)? + (—5)? + (6x x —5) + (6x x —5) 
» |n accordance with the rule stated in verse 24, 


436x? + 60x * 25 = 6x — 5. 
Similaraly, 


36x? + 60x + 25 = (6x)? + (5)? + (6x x 5) + (6x x 5) 
* |n accordance with the rule stated in verse 24, 


436x? + 60x * 25 = 6x4 5. 
SaaS | 


Thus ends the operation of extracting the square-root of 
the unknowns. 


saremo faery 


Thus ends the six-operations with the unknowns. 


* BBi. 1321 2611; Cf. HHM II. p.28, f.n.1 


(iv) utes fae 


STE - 
manatee area: ye amb our 
fast rcflemmenuf] at Ute: xd cw UST | 
«urett ytafatts wer faq 
smaa af sett AF ar amt: ait i 123i 


dedédr wae få got wet vam 

ad cw dq mat YO AA I 
yas Go aw TAY FG 

aa avysfaufauraafer mars utv 


Ex. 13 - 14 : "Oh scholar! The unknown quantity 
(—3x — 6y + 8z+ 5u * 1) is added to and subtracted 
from the twice of it ; if you know the operations of 
addition and subtraction, tell me quickly what is the sum 
and difference of them ? 


O learned mathematician, tell me what will be the 
result in the multiplication of those quantities, and also in 
the division of that  (product-obtained) by the 
multiplicand. Also tell me, if you have gone through the 
six operations with the unknowns, the square of the 
multiplicand and the root of that square." II 14 I 


Statement (Nyàsa): (—3x — 6y + 8z + 5u + 1) and 
2x (—3x— 6y + 8z* 5u+ 1) = —6x — 12y + 16z + 10u * 2. 
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Solution : 
Ex.13 (i). —6x — 12y + 16z + 10u + 2 


(+) —3x — 6y + 8z* 5u*1 
—9x — 18y + 24z + 15u + 3 


(ii) —6x — 12y * 16z + 10u + 2 
(-) —-3x — 6y+ 8z+ Su +1 
—3x— 6y + 8z+ 5u +1 
(iii) 
—3x — 6y + 8z+ 5u+1 
(-) —6x-—12y-* 16z * 10u * 2 
3x + 6y— 8z — 5u- 1. 


Sit autggataaeer | 
Thus ends the operations of addition and subtraction 
with the unknowns. 


Ex. 14(i) 
multiplicand : —3x — 6y + 8z+ 5u + 1 
multiplier : —6x — 12y + 167 + 10u + 2. 


(—3x — 6y + 8z + 5u + 1) x —6x = 18x? + 36xy — 48xz — 30xu — 6x 
(—3x — 6y + 8z + 5u + 1) x —12y - 72y? + 36xy — 96yz — 60yu — 12y 
(—3x — 6y + 8z + 5u + 1) x + 16z = 128 z? — 48xz — 96yz + 80zu + 16z 
(—3x — 6y + 8z + bu + 1) x 10u 2 501? — 30xu — 60yu + 80zu + 10u 
(-3x — 6y + 8z+ 5u+ 1)x 2-2 -6x—12y+ 16z * 10u + 2 
product : 18x? + 72y? + 1287? + 50u? + 72xy — 
96xz — 60xu — 192yz — 120yu + 160zu — 12x — 24y + 32z + 
20u + 2. 
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(ii) dividend : (18x? + 72y? + 128z? + 50u? + 72xy —96xz — 
60xu — 192yz * 160zu — 12x — 24y * 32z * 20u * 2). 
divisor : (-3x — 6y + 8z + 5u + 1) 
quotient : —6x — 12y + 16z + 10u + 2. 


sft aura 1 
Thus ends the operations of multiplication and division 
with the unknowns. 


(—3x — 6y + 8z+ 5u + 1) x —3x = 9x? + 18xy — 24xz — 15xu — 3x 
(73x — 6y + 8z + bu + 1) x —6y = 36y? + 18xy — 48yz — 30yu — 6y 
(73x — 6y + 8z + 5u + 1) x +8z= 64z? — 24xz — 96yz + 40zu + 8z 
(—3x — 6y + 8z + 5u + 1) x +5u 225 u? — 15xu — 30yu + 40zu + 5u 
(—3x — 6y + 8z+ 5u+ 1)x1- =3x-— 6y + 8z + 5u+ 1 
square : Ox? + 36y? + 64z? + 25u? + 36xy — 
48xz — 30xu — 96yz — 60yu + 80zu — 6x — 12y + 16z + 10u + 1. 





(iii) Square-root of 9x2+ 36y? + 64z? + 25u? + 36xy — 48xz — 
30xu — 96yz — 60yu + 80zu — 6x — 12y + 16z + 10u + 1. is 
(—3x — 6y + 8z + 5u + 1). 


za aat- | 
Thus ends the operations of squaring and extracting 
square-root of the unknowns. 


gf afe | 


Thus ends the (six) operations with the unknowns. 
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(v) arr offre AE | 
SIX OPERATIONS ON SURDS!. 


5.0: Fut Karani (Surd) : 


The Sanskrit word karant means "producer" , “that 
which makes". It seems to have been originally employed 
to denote the cord used for measuring (the side of) a 
square in the Su/ba Sütras. From that it came to denote the 
sides of a rectilinear figure of any shape, and then more 
particularly, the side of a square (caturasra-karani). 
Hence it came to denote the square-root of any number. 


As late as the second century of the Christian era, 
Umasvati (c. 150) treated the terms mila (“root”) and 
karant as synonymous. In later times the term is, 
however, reserved for a surd, i.e., a square-root which can 
not be evaluated, but which may be represented by a line. 


Nemicandra (c. 975) has occasionally used the generic 
term mula to signify a surd.e.g., dasa-müla — x 10 
The term karant was however changed to karna 


meaning ‘ear’ which may be classified as ‘bad-ear’ and 
*good-ear'. Bad-ear means ‘inaudible’, 1.e. where root can 





1. Datta B. B. and Singh A.N (Revised by Kripashankar Shukla) : 
*SURDS IN HINDU MATHAMATICS' : Indian Journal of 
History of Science (IJHS) 28 (3), 1993. 254-264. 
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not be exactly determined and ‘audible’ whose root can be 
determined.? 


The idea of terms ‘audible’ for rational number and 
‘inaudible’ for irrational number used by the Arabian 
scholar al-Khawarizmi (c.825 A.D.) perhaps developed 
from Hindu term karant. 


Sripati (1039) defines karani [Si.Se.xiv-7(i)] as 
follows: 


Wet 9 Fet aq em vet OS Hath ATF | 


*The number whose square-root cannot be obtained 
(exactly) is said to form (karani) an irrational quantity.” 


Similar definitions are given by Narayana (1356) 
[NBi. I. R. 25] and others. 


Gane$a , in his Buddhivilåsint (p.131), explains the 
term karani as follows : 

Ep reb Tat FAY I YA aan Uk | 
WIE pep Tear a awed | vas 
Ua Gar | qT ang: - 9 Wel wre zs 
Pui «mm, wem ETR i 

"A certain number ,whose square-root is being 


extracted but cannot be obtained exactly, is called karani. 
In its secondary application, even a square number, when 





? Bag, A. K. 'Mathematichs in ancient and Medieval India’ 
Chuakhambha, Oriental Research Studies, No.16, Varanasi, 1979. 
p.97.f.n.-1. 
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its square root is being extracted, is called karani. This is a 
technical term of our predecessors. Thus, they say : ‘The 
name of the number whose square-root is to be taken is 


=3 0» 


karant”. 
Krsna, in his Bījapallava, explains the term karant 
(p.50) as: 
aa ep maA Aar gs 9 aa at | 


* Here, the number for which a square-root is needed 
but cannot be evaluated, is karant. " 


Of course, the number is to be considered a surd when 
the business is with its square root. A surd number is 
indicated by putting down the tachygraphic abbreviation 
ka before the number affected. Thus ka 8 means V8 and 
ka 450 means V450 . 


Takao Hayashi in his edition of The Bakshålt 
Manuscript (pp.60-64) traces the term karani elaborately. 


(v) sofia fier 


The six operations on the surds! : 
Het ma ande q HOH ATA Wem wa us) 
5.1: Definition of a surd : 


* 'The name of the number whose square-root is to 
be taken is karant.” n 25(i) u 


The rules framed for addition and subtraction of the 
surds are based on the following identiy which is explicitly 
stated below in verse 29 : 


Vat Vb= |((a+ b)+ 2va'b] 
or 


(Va Vb) = {(a+ b) + 2Va- b) 


Let ‘a’ and ‘b’ be the two (original) numbers of the 
surds Va , and Vb . Suppose the sum of the two numbers (of 
the surds) (a + b) as the mahati (‘greater’), and twice the 
square-root of their product (2vab) as the laghu (‘lesser’). 
The addition or subtraction of these greater (mahati) and 
lesser (laghu) quantities is like that of the original 
quantities ‘ a’ and ‘b’ (i.e., integers). 


^. Datta B. B. and Singh A.N (Revised by Kripashankar Shukla) : 
*SURDS IN HINDU MATHAMATICS  : Indian Journal of History 
of Science (IJHS) 28 (3), 1993. 254-264. see pages 254-255. 
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5.2 : Rules for addition and subtraction of surds : 


wort wer ar pate ates aur uui 
ær wr eem Jus md va I dem | 
Fffagfa pdt cw aar yt att vat: UREN 


5.2.1: *Multiply and divide as if a square number by a 
square number. Divide the two surds separately by the 
smaller or greater among them; add or subtract the square- 
roots of the quotients; then multiply the square of the result 
by that divisor. The product is the sum or difference.” 126 II 


my GE (ey) 


an 9 f] 


This very rule is stated in its another form in verse 28. 


føre ait avarasevar arsen I FER: d 
afifagfagdt sre» astvar atmfaat ca: un 


5.2.2 : “Or multiply the two surds by the smaller or 
greater one among them; add or subtract the square-roots 
of the products; then dividing the square of the result by 
that selected multiplier, the quotient is the sum or 
difference." 1127 II 


That is, 
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var VB= [vaar van] 
- [i {a+ van] 
or vær v= Ear VE-b)| - 


- Biss ay] 


UST HET Het wade I 
samt mr frd Yffagdåt eat Atay uren 


5.2.3 : "Or divide the greater surd by the smaller one; 
add unity to or subtract unity from the square-root of the 
quotient; then multiply the result by itself and also by the 
smaller quantity. The result is the sum or difference 
(required). Or proceed in the same way with the greater 
surd.’ 1 28 1 


That is, va+ vb= «sj» 
TEN 


where a> b. 


? Cf. BBi. vs. II 3 (ii) ll 30 1 
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saad a aware fixie qul WR: | 
wear qfafagfa vere fruft: art MATT URAN 


5.2.4: “Or add twice the square-root of the product 
of the two surds, supposed as if rational, to or subtract that 
from their sum. The result is the sum or difference. If there 
be no rational root of the product, then the two surds 
should be stated severally.”3 n 29 I 


That is, 


Vat Vb= |((a+ b) + 2/ab]. 


aut q wget at Hard ufar fecu | 
TPG: TET Sau CAMA io! 
5.2.5 : “To add up several surds, divide them by an 
optional number and then take the sum of the square-root 


of the quotients. This sum multiplied by itself and also by 
that divisor will give the sum of them.”* 1 30 1 


That is, 


Våt vB= GOR ET 


The optional number c is so chosen that (2,3) 


become perfect squares. 


3 Cf. BBi. vs. 1 3 (i) I 291 
“Cf. Br. Sp. Si. xviii. .; GSS. vii. 882 . 
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Aaga wu Å wu I 
Fua Nea ant atte utall 


Ex. 15 : "Tell me quickly the sum and difference of the 
surds : V6 and V24 , and also that of V2 and V3 ." II 15 II 


Statement: Find: (i) V6+ V24 or V/24 — V6 
(ii) V2 + V3 or v3-v2. 


Solution : Ex. (i) V6 + V24 


or V24 — V6 


I Method : By the rule stated in verse 26, 


Let a= 24 and b = 6, then 








== fø 











E yi NK Gai 


a (Va + Vb) = (6x (2+ 1)?} 
= 54; and 
(va-vB) = {6x (1)?}= 6 
« V24+ V6 = (54 6) 





«s. 0] - 


(o: 19] - 63 


«(a VB) = {24 By 
= 54; and 
(Va vb) = {24 () |- 6 
v24+ V6 = (54 X 6) 
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Il Method : By the rule stated in verse 27, 


Let a= 24 and b = 6,then 





Va+ Vb = [ fa vab} | 


date li (vb-at b) | 








a:b= 24x 6= 144; 


va:b- v144 = 12; 
{a+ Va- bF = (24 + 12)? 
= (367,127) 

1 2 1296 144 
PR er 
= (54, 6) 


« vV24+ V6 = (54, 6) 





b:a= 24x 6= 144; 
Vba = VIMA = 12; 
{Vb-a +b} = (12+ 6)? 
= (182, 6?) 

1 2 324 36 
PEN 
= (54, 6) 

« V24+ V6 = (54, 6) 








Il! Method : By the rule stated in verse 28, 


Let a= 24 and b = 6, then 





Jaane JG: 4 








a 24 a 
2=A=4, MERCED 


2 
(£)+ T b= 6221)? 
«(Vat Vb) = (6x (2+ 1)?} 
= 54; and 
(Va- Vb) = (6x (1)}= 6 
« V24+ V6 = (54, 6) 





(Va vb) = {24 x G) | 
= 54; and 
(Va- vb). = {24 x () |- 6 
v24+ V6 = (54, 6) 
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IV Method: By the rule stated in verse 29, 
Let a= 24 and b = 6,then 


(Vas vb) = {(a+ b)+ 2Va- b] 
= {(24+ 6) + 2/24 x 6} 
= 30+ 24 
= (54, 6). 


or vat vb= |{(a+ b) € 2Va-b] 
> V24+ V6 = (V54, v6). 


Ex. (ii) V2+ V3 or /3— v2. 


Let a= 3 and b= 2; here, there is no rational 
root of the product Va-b= v3:2, therefore in 
accoradance with the rule stated in verse 29, the two 
surds should be stated severally. 


— V¥2+ V3 = /2«-« 43 and v3-v2= 43-2. 
sft HUSA | 


Thus ends the operations of addition and subtraction of surds. 
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ahora 997 - 
aut (9) ag aat Fansvatsef | 
art av Fat art yore at 4 dst 


5.3: Rule for multiplication of surds : 


“When there exist many component surd terms in a 
surd expression, and addition (or subtraction) of them is 
possible, (for abridgement,) multiplication or division of 
the surd expression should proceed with after addition of 
two or more terms of the multiplier and multiplicand "311 


anug: ert wader T vart PONAR | 
aa Aud att Malt au 


“The squaring of a negative rational quantity (ripa) 
should be negative or of the divisor and dividend.if it is 
achieved for the purpose of its being a surd. Like wise the 
square-root of a surd having the nature of a negative, is 
negative for the sake of the creation of rüpa (rational 
number). '? n 32 1 


This is a seeming exception to the maxim, ‘that a 
negative quantity has no square-root'[vide,vs.No.10]. But 
the sign belongs to the surd root not to the entire irrational 
quantity. When therefore a negative rational quantity is 
squared to bring it to the same form with a surd, with 
which it is to be combined, it retains the negative sign 


5 Cf. BBI. 13 911 33 11 
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appertaining to the root : and in like manner, when a root 
is extracted out of a negative rational part of a compound 
surd, the root has the negative sign. 


Sq - 
Fure TUG! HUysaaseTt WT Tay 
KV UST UAH UAVS A | 
Wero rend av Yur få ef vun 
quart ag qufafd utear vaart UREN 


Ex. 16 : “Oh mathematician ! The multiplicand is (6 + V5) 
and the multiplier is (V8 + V5 + v2) ; or with the same 
multiplicand, and (—6 + v20 + V5) as the multiplier, tell 
me, what will be the products if you are proficient in the 
operation of multiplication" II 16 II 


Solution : 


Statement :Ex. (i). multiplicand : (6 + V5); or (V36 + v5) 
multiplier (V8+ V5 + v2). 

Method -l : 

In accordance with the rule stated in verse 21-22, here, 

the method of multiplication by component parts is to be 

adopted : 


(V38 + v5) x VB = V288 + V40 

(V36 + V5) x V5 = V180 + v25 

(438 « v5) x J2 ANTANT: 

« Product = (V288+ v72) + (V40 + V10) + V180+ /25 
= (1242 + 642) + (2/10 + V10) + V¥180+5 
= 18/2 « 3V10+ v180 + 5 
= 5+ V648+ V180+ V90. 
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As stated in verse 31, and later in the commentary 
under verse 38, : 


mag qaes aat ( dar) ub 
PAT YO era -entenrapenfst ratt | 


"Multiplication, division, squaring or extraction of 


square-root of the surd expression, should proceed with 
after addition of two or more terms of the multiplier and 
multiplicand or of the divisor and dividend where ever it is 
possible." 


Method -I : In the multiplier of the present example : 
V8 + V2 = 2V2 + V2 
= 3V2 = V18. 


-- abridged multiplier: (V8 + v5 + V2) = V18 + V5 
(V36 + v5) x V18 = V648 + V90 
36+ y5) x y 5 = V180+ y25 


Product :5 + 648+ 4180 + V90. 


Ex. (ii). multiplicand : (6 + V5); or (V36 + V5) 
multiplier: (—V36 + v20 + V5). 


(V36 + V5) x V-36 = —/1296 — V180 

(V36 + V5) x V20 = V720+ V100 

36+ J5)x V5 = V180 + V25 

Product :—V1296 + V100 + V25 + (V180 — /180) + /720 
= —36+ 10+ 5+ v720 
= —21 + V720. 
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Since V20 + V5 = 2V5 + v5 
= 345 = V45, 
the abridged multiplier = —v36+ V45 


(v36 + V5) x -v36 = —/1296 — V180 

36+ 5) x v45 = «36 x 45+ y5 x 45 

Product : = —/1296 — 4180 + 436 x 45+ 4225 
= —36 — 2/45 + 6V45+ 15 


= —21+ 4/45 
= —21+ vV720. 

art w- 
BU eI Wieder 


SAA TATA: HWA: | 
få «rat ch9pp dd ARG Hwa 
frit eA Aras AT: RON 


Ex.17 : “(V32 + V18+ V8+ J2) is multiplied by (2 + ,/2), 
or (when the same is multiplied) by (V8 + J2) what will 
be the product of those? Tell (me) quickly." N 17 1 


Statement (Nyàsa): Multiplicand : (V32 + V18+ V8+ (2); 
(i) Multiplier: (2+ /2) or (V4,V2). 
(ii) Multiplier : (V8, v2). 
Solution : Case-1 
(V32 + V18 + V8 + 2) x V4 = V128 + V72+ V32 + V8 
32 + V18 + y8 + ,/2) x y2 = V64+ y36 * V16+ v4 
Product: (4128 + V72 + V32 « V8) + (V64 + V36 + V16 + V4). 
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Here, V64 + V36 + V16 + V4 = 8+ 6+ 4+ 2= 20; 
and the remaining surds are (128 + v72 + V32 + v8). 


Now, in accordance with the rule stated in verse 30, 
dividing by the optional number 2 and taking the roots: 
(VIZE + V72 + V32 + VB) = N2(V64 » v36 + VIG + V4) 

= ¥2 (20) = V800. 
” The product = 20+ 800. 
Or 
Multiplicand : (V32 + V18+ V8 + ,/2); 
Multiplier: (2+ JZ or (v4, v2). 
Abridging the Multiplicand : V32 + V18 + V8 + V2; 
V32 + V18 + V8 + V2 = 4v2 + 3V2 + 2V2 + V2 
= 10/2 
= V200. 
-. Multiplicand : V200 ; Multiplier : (v4, v2). 
-. Product = (V200 x v4) + (V200 x v2) 
= /800 + 4/400 
= 20+ V800. 
: Case-2 : 
Multiplicand : V200; Multiplier : (V8, v2). 
-. Product = (V200 x v8) + (V200 x v2) 


= 41600 + /400 
= 40+ 20= 60. 


fa ikon | 


Thus ends the multiplication of surds 
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a N » 


Saar Afaer: ft ar adferat sm | 
art Feaaarat SISA wem Aah 1331 
AMHUA JURFUER sta ASAT | 
fat wate ar aquasdemautiart ivl 
raf arista 3 | 

wars ert 4 Pet: Yeahs aaret KAT UBM 


5.4: Rule for division of surds : 


“Multiply the divisor surd so as to make all or some 
of its terms square such that the sum of their square-roots 
will be equal to the rational term (in the dividend). Thus 
will be determined the multiplier surd. Subtract from the 
dividend the divisor multiplied by that. If there be left a 
remainder, the sum of the terms of the divisor multiplied 
by that multiplier should be subtracted from the terms of 
the dividend. In case of absence of a rational term (in the 
dividend), that by which the divisor is multiplied and then 
subtracted for the dividend so as to leave no remainder, 
will be the quotient.” 5 n 33-35 II 


Illistrative examples : 

(i). Divide: (5+ /648 + /180 + V90) by (V36 + V5). 
(ii). Divide: —21 + v720 by (V36 + v5). 

(iii) : Divide: 20 + V800 by V4 + V2 

(iv) : Divide 60 (or V3600 ) by v18. 





ê HS, 28(3), 1993, p. 256, f.n.19 
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Example (i): 


Divide (5+ V90+ /180 + /648) by (V5 + v36) 
V5 + 436 ) 5+ /90 « v180+ /648 ( v5 + /18 


5 +v180 
v90 + +V648 
90 + +V648 


Example (ii) : Divide —21 + V720 by (V5 + v36) 
As stated in verse 33, : “Multiply the divisor surd so as to 
make all or some of its terms square such that the sum of 
their square-roots will be equal to the rational term (in the 
dividend). 
V5 + v36 ) -21« V720 ( -v36+ v45 
—Y36 x 36 — 4180 
(15) + (V180 « /720) = 18/5 
5x 45) = (15) + (V36x 45) = 18y5 


Or 
V5+ v36 ) -21+ v720  (V20- V36+ V5 
v720 + v100 
-21 — V100 
-36 —v180 
15 + V180 — V100 
or 5+ v180 
5+ y180. 





Logistics (Surds) 
Example (iii) : Divide 20 + V800 by V4 + V2 
VZ+ V4 ) 20 + V800 ( v200 
400 + 800 
vV200 = 10/2 
= (4+ 3+ 2+ 1)/2 
= V32 + (18) + V8+ v2. 
Example (iv) : Divide 60 (or V3600 ) by V18. 
J18 ) 43600 ( J200 
43600 
4200 = 432 + (18) + V8+ v2. 


CC-0. Kavikulguru Kalidas Sanskrit University Ramtek Collection 


47 


48 Bijaganitavatamsa 
Fuad ga - 
"rere Fear Haste fader vag fast | 


AGUS Fant ere vakt I HWA: FEI 


5.4.1 : Rule of separation of component surds in a 
compound-surd 


“Divide the compound-surd by the square of some 
number so as to leave no remainder, Parts of it multiplied 
by themselves and also by the quotient will be the 
(component) terms of the surd."" tt 36 1 


That is to say, if N= m?k and m= a+ b+ c+ d. 

Then, VN = Vm2k = mvk = (a+ b+ c+ d)vk. 
= Va.a.k + Vb.b.k + vc.c.k+ Vd.d.k. 
= Va?k + Nb?k + Vek + Væk. 


Illustrative Examples: 





(i). V18 + V5= v5+ V9x 2 
= V5+ 3V2 = V5+ 2v2+ 1/2 
= V5+ V8+ v2. 


(ii). — V36 + V45 = —V36+ V9x 5 


= —/36« 3/5 = —v36+ 2V5 + 1/5 
= —/36 + 420 + V5. 











(iii) V200 = 10/2 
= 4V2 + 342 + 2V2 + 1V2 
= V32+ V18 + V8+ V2. 





7 Cf. BBi. R. 139/36 Il; WHS, 28(3), 1993, p. 258, f.n.22-23. 
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Gust wr uns 
Riyaa aa web fat nen 


EX. 18 : *((V35 + V30+ V21+ V18+ v14+ V12) x V5} is 
divided by (V2 + V3 + v5) , Oh friend ! (Tell me) what is the 
quotient ?" I| 18 II 





Solution: 

Statement (Nyasa) : 

Dividend : ((V35 + V30+ V21+ V18 + V14+ /12) x v5]; 
or (VT75 + v150 + v105 + VIO + v70+ V60) 
Divisor: (v5+ v3+ V2). 

Method - I: In the given problem, there is no rational 


term. Hence, as stated in the verse 35, : 


“In case of absence of a rational term (in the 
dividend), that by which the divisor is multiplied and then 
subtracted for the dividend so as to leave no remainder, 
will be the quotient." 





V5+v3+ J2) v175+ V150 « /105 « V90+ V70+ v60 (V35 + v30 
4175 + 4105 + 470 
4150 + J90 + v60 
4150 + v90 + 60 








-. The quotient obtained is : v35+ v30. 
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ayaa - 


Bassa ANIM AA ser ent: | 
arvet square PUGET II 
faster Hvar ASAT: HUTT | 

Ge arta aq vafásersut WaT i32 


5.4.2: Another rule for division of surds (By 
Rationalisation of the denominator)? : 


“Reversing the sign, negative or positive, of one of the 
surds occurring in the denominator, multiply by it, both 
the numerator and the denominator separately, until there 
remains only one surd in the denominator. 


The surds which constituted the dividend, are to be 
divided by that single remaining surd: and if the surds 
obtained as quotient be such as arise from addition, they 
must be separated by the preceding rule for separation of 
them, in such form as the questioner may desire.” I 37-38 II 


Example (i): Divide: (5+ V648+ /180 + V90) 
by (V36 + V5). 

_ (V25+v648+v180+v90) r (v36 - V5). 

i (V36 +v5) (V36 - V5). 





V900 + V648 x 36+ V180 x 36 + V90 x 36 — 4125 — v648 x 5 — V900 — v450 





961 
= (V36x 36x 9x 2}+ J36x 36x 5—-V5x 5x 5 - V15x 15x 2}+ V961 


= (108/2 — 15/2 + 36 5 — 5V5) + V961) 











* Cf. Br,Sp.Si. XViii, 39. JHS, 28(3), 1993, p. 258, f.n.16-18. 
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= (932 + 31/5) + V961 
= (V17298+ V4805) = /961 
= V18+ V5 
= V8+ V2+ V5. 

(ii). Divide: —21+ /720 by (v36 + V5). 


_ (-V441 + /720) " (V36-v5) 
o (v36+v5) (V36-v5) 


—vV441x 36+vV720x 36+vV441x 5—vV720x5 
v961 


= ((-21x 6— 60) + (24/45 + 7V45)}+ (V961) 
= (-186+ 31V45) + (V961) 

—6 + V45= —6 + 3V5= —6 + 2V5 + 1V5 
—6 + V20 + V5. 

(iii) : Divide: 20 + V800 by V4 + V2 


_ Va004V300 | (vara) 
0 X442 (=v4+v2) 


—v1600 — ¥3200 + V800 + ¥1600 














-v4 
. -40/2420/2 -20v2 _ V800 _ 
= EHO? 20 Y". 200 . 
(iv) : Divide 60 (or V3600 ) by vVI8. 
= v 3600 z V200 


v18 
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Ex. 18 : Statement (Nyasa) : 

Dividend : ((V35 + /30 + V21 + V18 + V14+ V12) x v5}; 
or (V175 + V150 + V105 + V90+ /70 + v60) 
Divisor: (v5 v3+ V2). 


Method- II. Division by rationalising the denominator? : 
(V178 + V150 + V105+ V90 + V70+ V60) + (VS + 3 + V2). 
_ (V175+V150+V105+V90+V70+V60)(V5+V3-v2) 
(V5+V3+v2)(V5+v3-v2) l 
(V875+V750+V525+V450+V350+V300)+ 


(V525+v450+v315+v270+v210+v180)+ 


= —4350—4300—/210—/180—4140—4120 
5+3+2v15-2 i 


V 52-354 52-304+V525+V525+V450+V450 


+v32-35+v32-30-y22-35—y22-30 














V60+v62 
| V(5+3-2)2:35+v(5+3-2)2-30+v22-525+v22-450 
" V60+V36 l 
_ ¥1260+V1080+V2100+V1800 . (V60-V36) 
E (V60--/36) (V60-/36) ` 


v75600+vV64800+v126000+vV10800 
— —v45360-—v38880—v75600—v64800 


60=36 
_ v126000+v10800-v45360—v38880 
B 24 : 





2 IJHS, 28(3), 1993, p. 257 , Second method, f.n.21. 


Logistics (Surds) 53 


_ 60V354+60V30—36V35—-36V30  24435t24N30 


i 24 24 
- V35+ 430. 
sft utartet: | 


Thus ends the division of surds. 


wena wi star: SEQUIM: i851 


THU Fres wr areas: | 
art tart gA art AA: Won 


5.5: Rule for squaring a surd : 


"In the square (of a surd expression), the square 
terms of either a positive component surd, or of a negative 
component surd, is to be treated similarly as positive only; 
and the rest of the terms should be indicated with their 
proper sign. 


In the square of a surd expression, where the 
difference of surds is taken : the square of the given 
expression, and also that in which the positive is made 
negative and the negative positive (i.e., on reversing the 
sign of the components surds), and the operation is carried 
out, the learned should know, the results obtained are 
equal (or one and the same in each case)." II 39-40 II 
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SEM - 
at puin- 
fears feat 9 eran i 
famen 
FAUT HSA | 
oad tease 


dg dice fast muffens 11231 


Ex. 19: “(Find) the square of : (V3 + V2) ;(V6 + V3+ v2); 
(V7 + V5 + V3 + v2); (V6+ V5+ V3+ V2+ 1); and 
(V32 + v18+ v8+ V2), if you know the operation of 
squaring of surds.” II 19 II 


Solution : 


(i). (V3 + Ja) = 3+ 2+ 2(V3x 42) 
= 5+ y24. 


(ii). (V6 V3 + VZ) = 6+ 3+ 2+ 2/63 « 2V3V2+ 2V2N6. 
= 11+ V72 + V24 + V48. 





(iii). (V7+ V5+ V3+ VZ) = 7+ 5+ 3+ 2+ 2V7V5+ 
2V5V3 + 2V3V2+ 2V2V7+ 2V7V3+ 2v5v2. 
= 17+ V140+ V60+ V24+ V56+ V84+ V40. 
= 17+ V140 + V84+ V60+ V56+ V40+ V24. 








(iv). (V6+ V5 + V3 + V2 + 1) = 6+ 54+ 3+ 2+ 1+ 2V6v5+ 
2V6V3 + 2V6V2+ 2V6V1+ 2V5V3 + 2V5V2+ 2V5V1+ 
2V3V2+ 2V3V1+ 2v2Vv1. 
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= 17+ V120 + V72+ V48 + V24 + V60 + V40+ V20 + V24+ 
V12 + V8. 


= 17+ V120 + V72 + V60 + V48 + V40 + V24 + V24 + 420 + V12 + V8. 





(v). (V32 + V18 + V8 + VZ) 


As already stated in verse 31, and later in the 
commentary under verse 38, multiplication, division, 
squaring or extraction of square-root of the surd 
expression, should proceed with after addition of two or 
more terms of the multiplier and multiplicand or of the 
divisor and dividend where ever it is possible. 


Here, V32 + V18 + V8 + V2 = 4/24 3V2 + 2V2 + 1V2 


= 10/2 
= V200. 
.. (V32+ 18+ 2] = (V200), 


- 200. 


Following examples illustrate the maxim stated in 
verses 39 and 40. 


SATA UH - 


maA Aun aa fast | 
TAARA CaO UTA Uso ll 


Ex. 20 : "Oh scholar ! Tell me the square of the 
difference of V5 and V3 ; and that of (V5 « v3 — v2), 
and also by making the positive negative and the negative 
positive in it." Il 20 II 


CC-0. Kavikulguru Kalidas Sanskrit University Ramtek Collection 


56 Bijaganitavatamsa 


Statement : Given surds : V5 and V3. 


Difference of the given surds : (V5 — V3) or (-v5 + V3). 


(i). (V8 - v3) = 5+ 3+ 2(V5)- (-V3)- 


- 8— 2/15 
= 8—v60. 
Or 
(-v5+ V8) = 5+ 3+ 2(-V5)- (V3): 
= 8—2V15 
= 8— J60 . 


(ii). (V5 + 43-2) = 5+ 3+ 2+ 2(V5): (v3) 
*2(V3): (-/2) + 2(-v2) (V8). 


= 10+ V60 — V24 — V40. 
Or 
(A523 r2) = 5x9€22 8) C3) 
+ 2(-v3)- (v2) + 2(/2): (= v5). 
= 10+ V60 — V24 — V40. 
zat: | 


Thus ends the operation of squaring of the surds. 
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5.6.1: Method of Remainders : [Rules for extracting 
squre-root of a surd expression (and the number 
of component surd-numbers to be therei’n)]: 


wer ga Glyfafr:)- 


autt fan: effera (usa) qi 
TRUET av SUT går: GET I ULI 


Ra Raa cer yet ag «art san i 
wÀ wewearerd sa avart uw 


wgferarerenqet arrears aqq eme i 
gd: utse Us dagar? uror ua 
fend HUTS pf Hwa: Fat er: | 
"edt Ufo aat: mae GUS UV YI 


agaa ay aq uus | 
fasetsr ver Faner: vare amen UA 


“The number of irrational terms in the square of a 
surd expression is equal to the sum of natural numbers : 
this is the usual rule. In the square of a single surd term, 
there is only a rational number. In the square of an 
expression consisting of two surd terms, there is one surd 
term together with a rational number; of three ; three ; of 
four ; six ; of five, ten ; and in the square of an expression 
consisting of six surd terms, there will be as many as 
fifteen surd terms ; so it should be known.” i 41-42 1 





* Cf. BBi. vs.44-45(i). . JHS, 28(3), 1993, p. 260. 
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In an expression having the number of surd terms equal 
to the sum of the natural numbers, subtract from the square 
of the rational term a rational number equal to the sum of 
that number of surd numbers and then extract the square 
root of the remainder. Add and subtract this to the rational 
number and halve. The results are the two surd terms. If 
further terms remain to be operated upon, regard the 
greater of these two as a rational number and find the other 
terms (of the root) by poceeding as before." 1 43- 44 11 


If the number of surd terms in any expression be not 
equal to the sum of the natural numbers, the (requisite) 
number should be made up by breaking up some of the 
terms and then the square-root should be extracted. If that 


is not possible, the problem is wrong." Il 45 II 


Prior to Narayana, Bhaskara II has stated the above rules, 
and also added the following explanatory notes”: 


uttatt «tast wera | var at 
umi, wb: Fader ut fam fdur, Ut ye | 
Usa aar I VOUT Werner FAT I 
verft SUT st ven ey: | are ale sat aaf I 





"5 (i).BrSpSi. xviii-40; (ii).SiSe. xiv-12. (iii). BBi.N%%1 39-40 II 
Cf. IJHS, 28(3), 1993, pp. 258-259,f.n.26. 
12 Cf BBi. R. Il'€«/44-451l. UHS, 28(3), 1993, pp. 262-263,f.n.30. 


35. UHS. 28 (3), 1993. p. 260-261. 
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Wafer warst aka facerem ar vade Fat Act 
maad: | 


“In the square of an expression containing irrational terms, 
there must be a rational term. In the square of (an expression 
consisting of ) a single surd, there will be only a rational term; 
of two surds, one surd together with a rational term; of three 
surds, three irrational terms and a rational term; of four surds. 
six; of five surds, ten; of six surds, fifteen; and so on. 


Thus, in the square of surd expressions consisting of two or 
more irrational terms, the numbers of irrational terms will be 
equal to the sum of the natural numbers one etc. respectively, 
besides the rational term. So if in an example (proposed), the 
number (of irrational terms present) be not such; then it must be 
considered as a compound surd. Break it up (into required 
number of component surds) and then extract the square-root. 
This is what has been implied." 
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5.7: Method of Quotients or (Narayana's Method) 
[Alternative-Rule for extracting squre-root of a surd 
expression]: 


aa uenenum (afer: feet) 


MIT FdauTggfduer AACA: | 
aeaa Ute ATMA I AIS suit uv ll 


qd ws aar b Have gt var: | 
Aar GUS: ar: vær: WH WH ls ON 


AA ag: ask: ate: Hust ura | 
uaau fasterde saa: nye 


Ud wd g 4 Var aar Hatt HUT | 
farce: HUT HAs: ssl 


“Or divide all the surd numbers (present in an 
expression) by four and arrange the quotients in the 
descending order. Divide the product of the two surds 
nearest to the first surd (in the series) by the latter. The 
square root of the quotient will be a surd term (in the root). 


Those two surds divided by this root will give 
another two surd terms (of the root). 


By these (three surds) divide next (three) terms of the 
series and the quotient will be another surd of the root. 


Again by these should be divided the other terms and 
the quotient is another surd; and so on. 
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If now the square of the sum of surd numbers (in the 
root) be subtracted from the square of the rational term (in 
the given expression) no remainder will be left. 


If it be not so (i.e., if a remainder is left), then the 
(given) square expression is a compound surd and it 
should be broken up into other surds by the rule of 
separation." "I 46-49 II 


5.8 : Rule prescribing the number of irrational terms (to be 
subtracted from the square of the rational term), and their order 
(while extracting the square-root): 


«wh fafqat fur waa pen i 
wueet AAt wafer vade dull 
* Increase twice the number of surd terms (in a given 
expression) by one fourth and then extract the square-root. 
Subtract half from that. The residue will give the number 
of terms (the sum of which is to be subtracted from the 


square of the rational term.” I 501 





^ WHS, 28(3), 1993, p. 263, f.n.38. 
75 Cf.BBi. R. II €/44-451l. IJHS, 28(3), 1993, p. -263, f.n.37. 
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5.9: Illustrtive Examples for Method of Remainders : 
(i.e., for rule stated in vs.50 and 41-45 ): 


(5.9.1). Find the square-root of 5+ v24. 
Solution : 


Here there is only one surd term in the given expression. 
In accordance with the rule stated in verse-50 : 
(i). Double the number of surd terms: 1x 2= 2, 


(ii). Add (1/4) toit: 2+ (1/4) = (9/4), 
(iii). Extract the square-root of the sum: y (9/4) = (3/2), 
(iv). Subtract + fromthat : $-1- 1, 

2 2 2 


(v) Theresidue is the number of surd terms which are to be 
subtracted from the square of the rational term. In this 
case it is 1. 

Then, proceeding as per the rule stated in verses 43-44 : 


(vi). Subtracting the (only) surd-number 24 inthe given 
expression from the square of the rational term in it : 
we have 5? — 24 = 1, 

(vii). Square-root of the remainder : v1 = 1, 

(viii). Adding this to, and subtracting from the rational term : 

5+1=6,5-1=4; 

(ix). Taking their moieties (halves) : £ = 3, g 22; 

(X). These are the two component surd-numbers in the 
square-root of the given expression : 


s [5+ V24 = V3+ vZ. 
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(5.9.2). Find the square-root of 11+ /72+ V48+ V24. 
Solution : 


Here there are three surd terms in the given expression. 

In accordance with the rule stated in verse-50 : 

(i). Double the number of surd terms: 3x 2= 6, 

(ii). Add (1/4) toit: 6+ (1/4) = (25/4), 

(iii). Extract the square-root of the sum : J(5/4) = (5/2), 

(iv). Subtract from that : > — ; = 2, 

(v). The residue is the number of surd terms which are to be 
subtracted from the square of the rational term. In this 


case it is 2. 
Then, proceeding as per the rule stated in verses 43-44 : 


(vi). Subtracting the two surd-numbers 48 and 24 inthe given 
expression from the square of the rational term : 
we have 121 — (48+ 24) = 49, 
(vii). Square-root of the remainder : V49 = 7, 
(viii). Adding this to, and subtracting from the rational term : 
11+ 7= 18, 11-7= 4; 
(ix). Taking their moieties (halves) : = = 9, 7 = 2; 
These are the two component surd-numbers in the square- 
root of the given expression. Now , regard 9, the greater of 
these two as a rational number, and subtracting the remaining 
one surd number 72 from the square of the rational term find 
the other terms (of the root) by poceeding as before : That is, 


(x). 2 (0+ V92—72] = (6, 3); 
Thus the surd numbers obtained are : V6, v3. and v2. 


« I1 V72+ 48+ 424) = V6+ V3 + v2. 
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Or 


Afterworking out the first five steps as shown above, and 
then, proceeding as per the rule stated in verses 43-44 : 


(vi). Subtracting the two surd-numbers 72 and 24 inthe given 
expression from the square of the rational term : 
we have 121 — (72 * 24) = 25, 
(vii). Square-root of the remainder : V25 = 5, 
(viii). Adding this to, and subtracting from the rational term : 
11+ 5= 16, 11-5= 6; 
(ix). Taking their moieties (halves) : = = 8, : = 3: 
These are the two component surd-numbers in the square- 
root of the given expression. Now , regard 8, the greater of 
these two as a rational number and subtracting the remaining 
one surd number 48 from the square of the rational term find 
the other terms (of the root) by poceeding as before : That is, 


(x). {8+ V8? — 48} = (6, 2); 
Thus the surd numbers of the root are : V6, V3. and V2. 


« I1 724 V48+ 424) = V6+ V3+ VZ. 


Or 





Afterworking oout the first five steps as shown above, and 
then, proceeding as per the rule stated in verses 43-44 : 


(vi). Subtracting the two surd-numbers 72 and 48 inthe given 
expression from the square of the rational term : 
we have 121 — (72 * 48) = 1, 
(vii). Square-root of the remainder : 41 = 1, 
(viii). Adding this to, and subtracting from the rational term : 
11+1= 12, 11—1= 10; 
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(ix). Taking their moieties (halves) : = = 6, - 25; 

These are the two component surd-numbers in the square- 
root of the given expression. Now , regard 5, the smaller of 
these two as a rational number and and subtracting the 
remaining one surd number 24 from the square of the rational 
term find the other terms (of the root) by poceeding as before : 


That is, 

(x). 3(5+ V57—24)= (3, 2); 

Thus the surd numbers obtained in the root of the given 
expression are : V6, V3. and V2. 


a |O1+ V72+ V48+ J24) = V6 V3+ VZ. 


(5.9.3). Find the square-root of : 


17+v140 + V84 + /60 ++vV56 + v40 + v24. 


Solution : 


Here there are six surd terms in the given expression. In 
accordance with the rule stated in verse-50 : 

(i). Double the number of surd terms: 6x 2 = 12, 

(ii). Add (1/4) toit: 12+ (1/4) = (49/4), 

(iii). Extract the square-root of the sum: J (49/4) = (7/2), 


€ 1 7. ol 
(iv). Subtract z from that : in 3, 


(v) Theresidue is the number of surd terms which are to be 
subtracted from the square of the rational term. In this 
case it is 3. 

Then, proceeding as per the rule stated in verses 43-44 : 
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(vi). Subtracting the three surd-numbers 56, 40, and 24 inthe 
given expression from the square of the rational term : 
we have 289 — (56+ 40+ 24) = 169, 
(vii). Square-root of the remainder : V169 = 13, 
(viii). Adding this to, and subtracting from the rational term : 
17+ 13 = 30, 17—13= 4; 
(ix). Taking their moieties (halves) : T = 15, Å = 2; 
These are the two component surd-numbers in the square- 
root of the given expression. Now , regard15, the greater of 
these two as a rational number and and subtracting the two surd 
numbers 84 and 60 among the remaining, from the square of 
the rational term find the other terms (of the root) by poceeding 
as before : That is, 


(x). H15+ 152 — (84+ 60)] = (12, 3); 


Again, regardl2, the greater of these two as a rational number 
and subtracting the only remaining surd number 140 from the 
square of the rational term and find the other terms (of the root) 
by poceeding as before : That is, 


~{12 4 12? = (140)} = (7, 5). 
Thus the surd numbers obtained are : v7, V5, V3. and v2. 
å 1(17 + V140 + V84+ V60 + + V56+ V40+ V24) 
= (V7 + V5 + V3+ v2). 


Logistics (Surds) 67 
(5.9.4). Find the square-root of : 
17+ V128 + V120 + /108 + +V96+ V60 + V40 + V20. 


Solution : 


Here, the number of component surd terms in the given 
expression is 7. Proceeding as per the rule stated in verse 50 : 


Multiplying by 2 and adding (1/4) to the product we get, 
(7 x 2)+ (1/4) = (57/4). This is a non-square number and 
do not have an integral root. There fore, the the number (of 
irrational terms present in the given expression is not 
equal to (vzfedua) the number in the series of the sum 
of the natural numbers, so the given expression is a 
compound surd. Hence, break it up into required number 
of component surds and then extract the square-root. 





As 4128 = 448 = 3v8+ 1.v8 ; break the termv128 
into the two surd term v72+ V8 . Now the number of 
component surds is 8, this also is not equal to (vzferqug) the 
number in the series of the sum of the natural numbers. 


Now [as V96 = 2/24 = V24+ V24 ] break the termV96 
into the two surd term ¥24+ /24 . Now the number of 
component surds is 9. Again, this also is not equal to 
(gera) the number in the series of the sum of the 


natural numbers . 


Now [as V108 = 6V3 = 4V3+ 2V3 ] break the termv 108 
into the two surd term v48 + V12 . Now the number of 
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component surds is 10. This is equal to (agug) the 


number in the series of the sum of the natural numbers. 


So, rewriting the given expression, it will be as follows: 





17+ 4120 + V72 * J60 + 448 + V40 + J24 + 424 + 420 + 412 + V8. 


Now proceeding as per the rule stated in verses 43-44 : 


(i). Subtracting the four surd-numbers 24, 20, 12 and 8 inthe 
given expression from the square of the rational term : 
we have 289 — (24+ 20+ 12+ 8) = 225, 
(ii). Square-root of the remainder : V225 = 15, 
(iii). Adding this to, and subtracting from the rational term : 
17+15= 32, 17—15= 2; 
(iv). Taking their moieties (halves) : z - 16, Z = 1; 
These are the two component surd-numbers in the 


square-root of the given expression. 


(v). Now , regard16, the greater of these two as a rational 
number and and subtracting the three surd numbers 48, 40, 
and 24 among the remaining, from the square of the rational 
term find the other terms (of the root) by poceeding as before : 
That is, 


~{16 + (162 —(484 404 24)} = (14, 2); 


(vi. Again, regardl4, the greater of these two as a rational 
number and Subtracting the two surd number 72 and 60, 
among the remaining three surds, from the square of the 
rational term and find the other terms (of the root) by poceeding 
as before : That is, 


Las J142- (72+ 60)} = (11, 3). 
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(vii) Again, regardll, the greater of these two as a rational 
number and subtracting the only surd number left 120 from the 
square of the rational term and find the other terms (of the root) 
by poceeding as before : That is, 


s{11 + 112 - (120)} = (6, 5). 


Thus the surd numbers obtained are: V6, V5, V3. vV2and VI. 





< 1(17+ V128 + ¥120 + V108 + + V96 + V60 + V40 + V20) 
= J6« V5+ V3+ J2« VI. 


(5.9.5). Find the square-root of : 
60+ /2304 + v1024 + V576+ vV256+ V144 + V64. 


Here there are six surd terms in the given expression. 


Now proceeding as per the rule stated in verses 43-44 : 


(i). Subtracting the three surd-numbers 256, 144, and 64 in 
the given expression from the square of the rational term 
in it: we have 3600—(256 + 144+ 64) = 3136, 
(ii). Square-root of the remainder : V3136 = 56, 
(iii). Adding this to, and subtracting from the rational term : 
60+ 56 = 116, 60—56= 4; 
Taking their moieties (halves) Ll = 58, $ 22 
These are the two component  surd-numbers in the 
square-root of the given expression. 
(iv). Now , regard58, the greater of these two as a rational 
number and and subtracting the two surd numbers 1024 and 
576 (among the remainingthree,) from the square of the 
rational term find the other terms of the root by poceeding as 
before : That 1s, 
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2158 + 582 — (1024+ 576) | = (50, 8); 


(v). Again, regard 50, the greater of these two as a rational 
number and subtracting the only remaining surd number 2304 
from the square of the rational term and find the other terms 
(of the root) by poceeding as before : That is, 


~{50 + /507 — (2304)] = (32, 18). 


Thus the surd numbers obtained are : 32, 18, 8, 2. 


«(60 + V2304+ /1024 + V576+ /256 « V 144 « V64 ) 
= /32 + V18 + V8+ v2. 





Or 


The sum of the roots of all the component surds including 
the rational term is equal to : 
60+ (48+ 32+ 24+ 16+ 12+ 8) = 200. 


Now according to the definition (stated in the first 
half of the verse 25, “the number whose square-root is to 
be taken is karani.” 





< {(60 + V2304+ V1024+ V576+ V256+ V144+ V64) 


= /60+ (48+ 32+ 24+ 16+ 12+ 8) = v200. 


By the rule of separation stated in verse 36, 


V200 = v32+ V18+ V8 + V2. 
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5.10: Illustrative Examples for Method of quotients : 
[i.e., Alternative-Rule stated in verses 46-49 for 
extracting squre-root of a surd expression]: 


(5.10.1). Find the square-root of 5+ v24. 


As there is only one term in the surd expression, the 
alternative rule for the extraction of the square-root can 
not be applied here. Hence another method is followed. 


Now Let, 5+ /24 = ((a * b) + 2Vab}= (Va + Vb) . 
then the required result is to find Va + Vb. 
2 


Here, (a+ b) = 5; 2Vab = N24; sab= == 6 


But (a — b) = Va - b)? = V Ka + b)? — 4ab) 
« (a—b) = N5?—4x 6= 1. 


Then by the rule of concurrence (sarikramana): 


(a, b) = (1/2)05 + 1)= (3, 2) 


+ (E+ V24) = var Vb = V3+ V2. 


(5.10.2). Find the square-root of : 11 + V72+ vV48+ v24. 








Solution : 


(i). Divide all the surd numbers (present in an expression) 
by four and arrange the quotients in the descending order : 


J| C72/4), / (48/4), J(24/4) . 
That is, V18, v12, V6. 
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(ii). Divide the product of the two surds nearest to the first 
; (NE ne 

surd (in the series) by the latter : { Ji ] = V4=2. 

The square root of the quotient , i.e., V2 will be a surd 

term (in the root). 





(iii). Those two surds divided by this root will give another 
two surd terms (of the root) : = = V6, T - 43. 
Thus the three surd terms obtained are: V6, V3, V2. 


(iv) . Now these will be the surd terms in the root of the 
given expression, if the square of the sum of the surd 
numbers when subtracted from the square of the rational 
term, leaves no remainder. (11? — (6+ 3+ 2)?) = 0. 


(v). «= J11* V72+ V48+ 424 = v6+ V3 + V2. 


(5.10.3). Find the square-root of : 
17 + /140 + V84 + V60 ++ V56+ V40 + V24. 





Solution : 


(i). Divide all the all the surd numbers (present in an 
expression) by four and arrange the quotients in the 


descending order : J/(140/4), (84/4), (60/4) ; 
/(56/4), (40/4), (24/4) . 

That is, V35, V21, v15,v14, V10, V6. 
(il. Divide the product of the two surds nearest to the first 


surd (in the series) by the latter : p = 49-3. 


The square root of the quotient , i.e., V3 will be a surd 
term (in the root). 
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(iii). Those two surds divided by this root will give another 
N20 vis > 

two surd terms (of the root) : = = 47, E V5. 

Thus the three surd terms obtained are: V7, V5, V3. 


(iv). By these three surd terms divide the next three 
terms and the quotient will be another surd of the root: 


SØ yy WL yy Y. 
That is, 77 = V2, gS 42, z7 V2. 
Thus the four surd terms obtained are : V7, V5, V3,v2. 
(iv) . Now these will be the surd terms in the root of the 
given expression, if the square of the sum of the surd 


numbers when subtracted from the square of the rational 
term, leaves no remainder (17? — (7+ 5+ 3+ 2)?) - 0. 





(v). = |(17 + V140 + V84+ V60 + + V56+ V40+ V24) 
= /7+ 45s 43^ 42. 
(5.10.4). Find the square-root of : 
17+ /128 + /120 + /108 + +V96+ V60+ V40+ V20. 
Solution : 


The given expression is a compound surd. 
Rrewriting the given expression, with the number of 
terms of equal to (dzfeiaug,) the number in the series of 


the sum of the natural numbers, it will be as follows: 





17 + 4120 + v72+ V60+ V48+ V40 + V24+ J24 + V20+ V12 + V8. 


Now proceeding as per the alternative rule for the 
extraction of the square-root : 
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(i). Divide all the all the surd numbers (present in an 
expression) by four and arrange the quotients in the 
descending order: 


y (120/4), 4(72/4), 4(60/4),J (48/4), / (40/4), 

y (24/4), 4 (24/4), 4(20/4), J (12/4), 4 (8/4). 

That is, V30, V18, v15,v12, v10, V6, V6, V5, /3,V2 . 

(il). Divide the product of the two surds nearest to the first 
l (VIN e 

surd (in the series) by the latter : { JUS ] = 49-23. 

The square root of the quotient , i.e., V3 will be a surd 

term (in the root). 





(iii). Those two surds divided by this root will give another 
VE. M 

two surd terms (of the root) : "m v6, JU V5. 

Thus the three surd terms obtained are: V6, V5, V3. 


(iv). By these three surd terms divide the next three 
terms and the quotient will be another surd of the root: 


VY qz XS. å. 
That is, = = V2, JE = 42, 322 


(v). By these four surd terms divide the next four terms 
and the quotient will be another surd of the root: 


NEBE 
That is, ee VLG=VLG=VLG= VI. 
Thus the five surd terms obtained are : 


(vi) . Now these will be the surd terms in 
thv6, V5, V3, V2 V1.e root of the given expression, if the 
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square of the sum of the surd numbers when subtracted 
from the square of the rational term, leaves no remainder : 


{172 — (6+ 5+ 3+ 2+ 1)?])- 0. 


ES (17 + 4128 + 4/120 + 4108 + «96 + 60 + 40 + v20) 
= V6+ V5 + V3 + V2+ V1. 
(5.10.5). Find the square-root of : 
60 + /2304 + /1024 + V576 + V256+ V144 + V64. 
Solution : 


(i). Divide all the all the surd numbers (present in an 
expression) by four and arrange the quotients in the 


descending order : / (2304/4), 4y (1024/4), J(576/4) , 
J (256/4), ./(144/4), 4 (64/4) 


That is, V576, V256, V144, V64,V36, V16, . 





(il. Divide the product of the two surds nearest to the first 


surd (in the series) by the latter : pe = V64= 8. 


The square root of the quotient , i.e., V8 will be a surd 
term (in the root). 


(iii). Those two surds divided by this root will give another 
two surd terms (of the root) : ye = v32, HE = v18. 
Thus the three surd terms obtained are: V32, V18, V8. 


(iv). By these three surd terms divide the next three 
terms and the quotient will be another surd of the root: 
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ves _ V36 _ vi6 . 

That is, “= = V2, = V2, a= v2 

Thus the four surd terms obtained are : V32, V18, v8, v2. 

(iv) . Now these will be the surd terms in the root of the 

given expression, if the square of the sum of the surd 


numbers when subtracted from the square of the rational 
term, leaves no remainder (60? — (32+ 18+ 8+ 2)?) - 0. 





(v). = 1(60+ V2304 + ¥1024 + V576+ V256+ /144 + V64 ) 
32+ V18 + V8+ v2. 
art a - 
THAT RASTA AT fo fae i 
at a auus: Uffert: Us fé UR 


Ex. 21 : "Oh wise-man ! Where The component surd 
numbers in the square of a surd-expression are : four 
times (21, 14, 7, 6, 3, 2) and the rational number is 13. 
Tell (me) the square-root (of that)." M 21 II 


Nyåsa (Statement) : Find the square-root of : 





[13+ fax 21) + (4x 19) + (x 7) + (4x + VTA 3) + 4x 2)]. 
That is, (13 + V84 + V56 + V28 + V24 + V12 + v8}. 


Solution : 
Now proceeding as per the alternative rule (stated 
inverses 46-49) for the extraction of the square-root : 


(i). Divide all the all the surd numbers (present in an 
expression) by four and arrange the quotients in the 
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descending order: “r 421 zs 414, ae V7, 
v24 _ v2 A 
uve 0 v3 ge V2. 


(ii). Divide the product of the two surds odd to the first 


V14x V7 
GJ N= Z . As this 


is a non-square number, integral root of it P not exist. 
So, divide the product of /21 and V6 by v14 
V2Ix V6 _ 

m = V9. 
The square root of the quotient , i.e., V3 will be a surd 
term (in the root). 





surd (in the series) by the latter : E 





(iii). Those two surds divided by this root will give another 
gv a. Ven 

two surd terms (of the root) : 777 = V7, a V2. 

Thus the three surd terms obtained are: V7, V3, V2. 


(iv). By these three surd terms divide the next three 
terms and the quotient will be another surd of the root: 


v7 V3 _ v2 _ 
That is, 7 = v1, uo WI = Vi. 


Thus the four surd terms obtained are: V7, V3,V2, V1. 


(iv) . Now these will be the surd terms in the root of the 
given expression, if the square of the sum of the surd 
numbers when subtracted from the square of the rational 
term, leaves no remainder (13? — (7+ 3+ 2+ 1)?) - 0. 


[(13 + V84+ V56+ V28+ J24« 412« vB) 
= V7 + V3+ v2+ V1. 
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Or 

After the first step, 

(ii). Divide the product of V21 and V3 by V7 : SEM = J9 


The square root of the quotient , i.e., V3 will be a surd 
term (in the root). 


(iii). Those two surds divided by this root will give another 
JN KERS 

two surd terms (of the root) : 77 = V7, a 45A. 

Thus the three surd terms obtained are: V7, V3, V1. 


(iv). By these three surd terms divide the next three 
terms and the quotient will be another surd of the root: 


20V _ V6 _ v2 _ 
That is, 7 = V2, “= v2, TENZ 
Thus the four surd terms obtained are: V7, V3, V2, v1. 


(iv) . Now these will be the surd terms in the root of the 
given expression, if the square of the sum of the surd 
numbers when subtracted from the square of the rational 
term, leaves no remainder (13? — (7+ 3+ 2+ 1)?) - 0. 


(v). = (13 + V84 + V56 + V28 + vV24+ V12+ V8) 
= V7 + V3 + V2 + V1. 


Or 
After the first step, 
(ii). Divide the product of V14 andV2 byv7 : 
MISSA NZ =v4= 2 
V7 
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The square root of the quotient , i.e., V2 will be a surd 

term (in the root). 

(iii). Those two surds divided by this root will give another 
UM v2 _ 

two surd terms (of the root) : 7 = v7, €^ v1. 

Thus the three surd terms obtained are: V7, V2, V1. 


(iv). By these three surd terms divide the next three 
terms and the quotient will be another surd of the root: 


SVA. BL BL 
That is, 7 = V3, = v3, G= v3. 
Thus the four surd terms obtained are: V7, V3,V2, VI. 


(iv) . Now these will be the surd terms in the root of the 
given expression, if the square of the sum of the surd 
numbers when subtracted from the square of the rational 
term, leaves no remainder (13? — (7+ 3+ 2+ 1)?) - 0. 





(v). = Jas V84+ V56 + V28 + V24+ V12+ V8) 
= V7 #43 44/24 V1. 
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5.11 : ‘Divisibility Test’ and *Quotients -Identity Test"! 

[i.e., The nature of irrational terms that are to be subtracted] : 
FFF - 


"wgferauarfersareqansfstreqursqad «t Arn | 
eqq Mea sruadmet: HUT: vq: dull 
WAAT 9 ufa area aar vakt i 


"(In extracting roots of a square-surd,) the surd- 
numbers that are to be subtracted from the square of the 
rational number should be exactly divisible by four times 
the smaller term in the resulting root-surd. The quotients 
obtained by this exact division will be the surd terms in the 
root. (That is, quotients in division, and component surd 
terms should be identical.) I 51 II 

If they are not obtained by the last rule, then the 
(resulting) root is wrong." Il 517 II 


Folllowing is an example showing that the number 
of surd-numbers to be subtracted from the square of the 
rational number, and their order, should conform to the 
rule stated (in verse vs.50 and 41 - 45), if not the result 
obtained will be wrong. 


aew - 


aaa aa HUAN af i 
Jer wodarteda uen pf Wm d 


16 Cf. BBi. I'll 46-47 11 ; . HS. 28 (3), 1993. p. 260-261. 
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Ex. 22 : "In a surd expression, where, the square of 
the component surd numbers are four times (8, 6, 2), and 
therein the rational number being 10, O mathematician, 
Tell me the square-root (of that).” Yu 22 II That is, 


Nydsa (Statement): 10+ J/(4x 8) + /(4x 6) * J(4 x 2). 
Find the square-root of : (10 + V32 + V24 + V8]. 
Solution : 

Here, there being three surd terms, so first, a rational 
number equivalent to two of the surd numbers is to be 
subtracted from the square of the rational term and the 
root (of the remainder) is to be extracted; and then we 
have to proceed in the same way with (the remaining) 
one term. But it is not possible here since the remainders 
we get are non square numbers, and their integral-root 
can not be extracted. Hence this (i.e., the proposed 
expression) does not possess a root expressible in surd 
terms. 

If , however, we extract the root by subtracting, 
contrary to the rule, an integer equivalent to all the surd 


terms, i.e., (1/2) (10 4/10? = 32 — 94 — 8) = (2. 8). 
We get v2+ V8 as square-root of : {10+ V32+ V24+ 
v8}. But this is wrong as its square is 18. 








Or on adding together the surds 32 and V8 , (the 
expression becomes), 10 +V72+V24. Then (by the rule) 
we obtain: (1/2)(10 F V102 — 72 — 24} = (4,6). 
Therefore surd terms are V4 + V6= 2+ V6. 


But this is also erroneous, since its square is 10 + 96. 





1. BBi. Ex. 21 in verse 48. 
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IAU - 
faferrTaeraasusrerq [ur 3euesreeiqor: | 
få wet afe aa Hotrod srapsfe AR vi 


Ex. 24 : "(In a surd expression,) The surd numbers are are 
four times (15, 14, and 2) with the rational number 10. 
Oh friend ! Tell me what is the square-root (of that) if you 
have studied hard the mathematics of surds.” "ll 24 Il 


That is, 
Nyasa (Statement) : 


Find the square-root of : (10 + V60+ 56 + v8}. 
Solution : 


Subtracting the first two terms eight and fifty-six, and 
proceeding as before, 


(1/2)(10 F /10? — 8 — 56) = (2,8). 

That is, the two surd terms for the root are obtained 

8 and V2 ; of these the smaller one namely, 2 

multiplied by four, that is 8. This exactly divides 8 and 56; 

and the quotient obtained are (1, 7). But these do not 

come out as surds of the root [ viz. (2, 8), the necessary 

condition laid down as stated in verse 51], by the regular 

process of the rule of remainder (stated inverse 39). That 

is, here, (1,7) # (2,8) Therefore, those terms 8 and 56 

are not to be subtracted. However, if violating the rule, 
further work is carried out, 


Thatis, (1/2)(83 V8? — 60) = (3,5). 





19 BBi. Ex. 
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Then, the root obtained will be (V2 + V3 + V5). This is 
wrong, since (V2 + V3 + V5) = 10+ V24+ V60+ V40. 
So, if the result is obtained without following the 
rules laid down, then the result will be wrong. 
Sq - 
AAAA e: Aasta: avd | 
espen "WX wd aa få ug wem RU 


Ex. 25 : “If in a surd expression, where the square of the 
component surd numbers are four times [15, 14, 12, 13, 
10, 7] with the rational number 16, Tell me, what will be 
the square-root there .” I| 25 || That is, 


Solution : Nyasa (Statement): 16+ J(4x 15) + J(4 x 14) + 
J (4x 12) + V4x 134+ V4x 10+ V4x 7. 


Find the square-root of : 


{16+ V60+ V56+ V48+ V52+ V40+ V28}. 

There being six surd terms [equal to (Asfaats)] in 
this, in accordance with the rule, an integer equal to three 
of the surd terms should be first subtracted from the square 
of the rational term and the root (of the remainder) found : 
next an integer equal to two of the surd terms and then an 
integer equal to one surd term (should be subtracted). 


(i). +{16 + 16? — (56+ 52+ 48)} = =(16+ 10) 





= (13, 3). 
(ii). +{13 + 13? — (60+ 28)} = +(13 + 9) 
= (11, 2). 
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(iii). +{11+ 112 40)] = 21112 9) = (10, 1.) 


Thus the surd term obtained in the root are : V10 ,/3, 2, VI. 


Contrary to the rule, if the surd terms in the root are 
obtained by subtracting first one integer equal to a surd 
number, then equal to two, and subsequently equal to 
three : 


(i).). (164 /16? —(60)} = +(16+ 14) = (15, 1). 








(ii). +{15 + 15? — (56+ 48)} = 2(15+ 11) 
= (13, 2). 
(iii). +{13 + 13? — (52+ 40+ 28)} = 2(13 7) 
= (10, 3). 


Thus surd terms obtained in the root are the same as 
above: V10 ,v3,v2,v1. 
But the square of (V10 + V3 + V2 + v1)is: 

16+ 4120 + V80 + V40+ v24+ V12+ V8. 





Hence, in such cases, Narayana directs us to follow 


the alternative rule : (819) Waa Fumarasqa oi 
Farsta xu WT wet aent | 

[Note : we got a wrong answer, since the computation did 
not conform to the rules laid down in verses 51-517 (i.e., 
‘divisibility test’, and also ‘quotients-identity test")]. 
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5.12: Rule for extracting square-root of a compound surd 
consisting of negative component surd terms : 


e 


at arr Sarat utt erie Fa | 
"pei Wet (9) dat: raker Tag vu 


“If there be a negative surd in the square 
(expression), the traction of roots should be proceeded 
with supposing it as if positive; but of the two surds 
deduced, one chosen at pleasure by the intelligent 
mathematician, should be taken as negative."?" 11 52 n 


5.13 : Illustrative Examples : 
Statement (Nyasa ): (i). Find the square root of : 8 — /60. 


There is a negative surd in the square (expression), 
so, according to the rule stated in the first half of verse- 
52, the extraction of roots should be proceeded with 
supposing it as if positive. 

Hence, in accordance with the rule stated in verses 
41-45, subtract from 64 , which is the square of the 
rational nmber 8, a number equal to the surd-number 60, 
the remainder is 4. Its square-root 2, added to and 
subtracted from, the rational number 8, makes 10 and 6. 
The moieties of which are 5 and 3, and therefore, the 
surds composing the roots are :V5, and V3. 


Again according to the the rule stated in the second 
halfof the verse, among the two surds deduced, one 
should be taken as negative. 


« [(8— 480) = (V8 - 43) or (V5 + 3). 


20 Cf. BBi. UYRU 4111. WHS. 28 (3), 1993. p. 259. (£n. 27.) 
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(ii). Find the square root of : 10 + V60 + V40 — V24. 


First, considering the negative surd in the square 
(expression), as if it is positive extract the square-root. 


According to the rule for the extraction of square-root : 
From the square of the rational number 10, viz. 100, subtract 
numbers equal to two of the surds namely 40 and 24; the 
remainder is 36 ; and its square root 6, this subtracted from 
the natural number 10 and added to it, makes 4 and 16 ; the 
moieties of which are 2 and 8. 


That is, (1/2) [10 F A{102 -24+ 40)] = (2, 8). 


The first is a surd, V2 , in the root. Putting the second for a 
rational number, the same operation is again to be performed 
with the rest of the surds. From the square of this then treated 
as a rational number, 64, subtracting the number 60, the 
remainder is 4 ; and its root 2 ; which subtracted from the 
rational number and added to it, severally makes 6 and 10; the 
moieties where of are 3 and 5. They are surds in the root : 


v3 , v5. 
That is, (1/2) [s+ J/(82 — 60}| = (5, 3). 


104+ V24 + V60 + V40 = (V2 + V3 + v5). 


Now assume one, are some among the component 
surds as negative. 


- 4/10 + V60 + V40 — V24 = (-v2+ V3+ v5) 
= (VZ-V3-v5). 
If the component surd V3 is assumed as negative , 
then the computed square-root will be : (V2 —v3+ V5). 
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But the square of this is : 10 — V24 — V60 + V40, which 
is wrong. 


Therefore, the positive and negative signs for the 
compoent surds deduced should be assumed in such a 
way that : the square of the computed root of the surd 
expression should be equal to the given surd expression. 


sit muts AT | 
Thus ends the six operations on the surds 
ma Aaaa GAA | 


Like this, there ends the thirty-six operations. 


Note : Algebraic operations dealt with in the work 
are addition, subtraction, multiplication, division, squaring 
and extracting the square-root for each of the following 
sections : 


(i) Positive and negative numbers (dhanarna), 

(ii) The zero (Sünya), 

(iii) Single unknown (avyakta), 

(ivy) More unknowns characterized by colours (varna), 

(v). surds (karant). 

Thus, operations in all works out to 30 only. Whereas the 


number of operations mentiond above are thirty-six 
(sattrimsat -parikrmani). 
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(PULVERISER) 


INDETERMINATE EQUATIONS OF THE FIRST 
DEGREE 


Kuttaka : 


The subject of indeterminate analysis of the first 
degree that is, the solution of equation by — ax = c, for 
x,y in positive integers, where a,b,c are given integers 
is generally called Kutta, Kuttaka, Kuttakara, and 
Kuttikara etc. by the Hindus. 

The equation by — ax = c, has been wrongly given 
the name “Diophantine equation", after the great Greek 
mathematician Diophantus (c.275 AD). 

Diophantus was concerned with the determination of 
rational solutions of particular case of equations of the 
form y? = ax? + bx -* c, but did not deal with linear 
indeterminate equations for integral solutions. It is now 
understood that: The name “Diophantine equation", given 
to this problem is a historical error’. 

Problems which led the Hindus to the investigation of 
such equations broadly fall into three varieties: 

(1). In one variety, the problem is to find a number (N) 
which when divided by two given numbers (a, 5) will 
leave two given remainders (R4, R2). Thus, symbolically, 

N = ax+ R, = by+ Rs. 


Srinivasiengar, C. N.:The Hinstory of Ancient Indian Mathematics, 
World Press, Calcutta, 1967. p.95. 
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Or by — ax = (R,~R2) = £C, 
where C = R4—R; 
In such type of problems (a, b) are called ‘divisors’, 
(bhågahåra, bhåjaka and cheda etc.) and (R4, R2) 
‘remainders’ (agra and sesa etc.) 


(ii). In the second variety, the problem is to find a 
number x such that its product with a given number a 
being increased or decreased by another given number c 
and then divided by third number b will leave no 
remainder. Thus, symbolically, the problem is to solve 

(ax + c) 
b 
In such type of problems, generally, 

b is called the ‘divisor’ (bhåjaka, hara etc.), 

a the ‘dividend’ (bhåjya), 

c the ‘interpolator’ (ksepa), 

x the ‘multiplier’ (unknown quantities to be obtained) 

(gunaka, gunakara etc.), 
y the ‘quotient’ (labdhi, phala etc.) 


= y, inintegers. 


(iii). The third variety leads to the equations of the 
form, by + ax = tc. 


Origin of the name and method of solution : 

The Sanskrit words Kutta, Kuttaka, Kuttakara and 
Kuttikåra are all derived from the root kutt “to crush”, 
“to grind”, “to pulverise” and hence etimologically they 
mean the act or process of "breaking", "grinding", 
“pulverizing” as well as an instrument for that, i.e. 


99 66 


“grinder”, "pulveriser”. 
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Gane$a in his Buddhivilasini (1545) [p.251] says : 
(i) sesenta ur: | Cara med TT, | 


“Kuttaka is a term for multiplier, for multiplication is 
admittedly called by words importing ‘injuring’, ‘killing’.” 


Gi) faar ga sfvaiugar sever: 
afaratst ad que: | peer ski qdedufesad | fasts 
aa | 

*A certain given number being multiplied by another 
(unknown quantity), added or subtracted by a given 
interpolator and then divided by a given divisor leaves no 
remainder ; that multiplier is the Kuttaka : so it has been 
said by the ancients. This is a special technical term." 


The same explanation as to the origin of the name 
Kuttaka has been offered by Süryadasa (1538), Krsna 
(c.1580), and Ranganåtha (1620). 


The Hindu method of solving the equation 
by —ax- £c 

is essentially based on a process of deriving from it 
successively other similar equations in which the values of 
the coefficients (a, b) become smaller and smaller. That 
is, formation of valli, and therefrom to get the solution. 
Thus the process is indeed the same as that of breaking a 
whole thing into smaller pieces. As opined by Datta and 
Singh, it is this. that led the ancient Indian mathematicians 
to adopt the name kuttaka for the operation. 
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Importance : 

The earliest Hindu algebraist to give a treatment of 
kuttaka (the indeterminate equation of first degree) is 
Aryabhata-I (born. 476 C.E.). Beginning With Aryabhata-I 
most of the Indian mathematicians dealt with the kuttaka, 
or pulveriser method, to solve the above equations (in 
positive integers). These methods were also considered 
important in astronomy in finding the position of the 
planet and so on. Kuttaka method is also used in solving 
some equations of several unknowns. 


Though Kuttaka belongs particularly to algebra, on 
account of its special importance, the treatment of this 
subject from his work Bijaganita has been repeated nearly 
word for word by Bhaskara II in his (treatise of arithmetic) 
Lilavati. 

Kuttaka in Bijaganitavatamsa : 


Second section of Bijaganitavatamsa deals with the 
indeterminate equation of the first degree (pulveriser), i.e., 
ax + c= by. In it first of all a rule (2.1) with regard to 
abridging the dividend, divisor and interpolator by a 
common factor, and necessary condition for integral 
solutions has been given inverse 53. Then a rule (2.2) to 
make the dividend and the divisor prime to each other, so 
that the equation may be solvable (in integers) has been 
given in vese 54. Next the method of obtaining the 
minimum solution and then from it, the general solution of 
the pulveriser, in different cases have been given (R.2.3 to 
2.7) inverses 55-59. Verse 60 (R.2.8) gives the solution 
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when either the divisor and the additive, or the dividend 
and the additive, or both, have a common factor (or 
different factor in the last case). A method of solution by 
working with the residue of division of either the additive 
or the dividend is dealt with in verses 61-61 (R.2.9 and 
2.10). A method of solution when the dividend is negative 
has been dealt with in verse 62 (R.2.11), whereas that 
when the additive is either an exact multiple of the divisor 
or cipher or the dividend is cpher in verse 63 (R.2.12). In 
verse 64 (R.2.13), the solution of an equation with the help 
of that of a constant pulveriser (1.e., an equation with unity 
as the additive or the subtractive) has been given. After 
that the solution of the problem when, in the rule of 
proportion, the argument , the fruit, and only a meager part 
of the fruit of the demand is given, (i.e. Rule for solution 
of Special astronomical problems) with the help of a 
pulveriser has been given in verses 65-672 (R.2.14). 
Lastly 2 rules, an example, and a comment which are 
concerned with the pulveriser when its solution is 
fractional, and not found in Ganitakaumudi, are dealt 
with here in verses 68-69 (R.2.15). 


[Note: Though the chapter on pulveriser in both the books 
Ganitakaumudi and Bijaganitavatamsa is nearly the same, 
a set of four Sütras followed by six examples dealing with 
the residual and conjunct pulverisers sagra-kuttaka and 
samslista- kuttaka occuring in Ganitakaumudi are not 
found here in Bijaganitavatamsa (between verses 64 and 
65).] 


2. quem: 


2.1: Abridging the dividend, divisor and interpolator by a 
common factor, and necessary condition for integral 
solutions 


YA he NUN 


aat en HU: Haat peee | 
av farvet (Sat) atat 9 av fast ua 


“For the investigation of the pulveriser, if possible, 
divide the dividend, the divisor and the interpolator by 
a common divisor. If the number by which the 
dividend and the divisor are divisible, does not divide 
the interpolator, the problem is incorrect. (1. e., it will 
not have integral solutions.)"! Il 53 Il 


2.2: Rule for Making the dividend and the divisor prime 
to each other for integral solutions : 


a wag vo om 
auaa (at) Atarnaftaåt q get well 


*Divide the dividend and the divisor, one by the other 
(and) the remainder of one by the remainder of the 
other. The (last) remainder is their common measure. 
Those two being divided by their common measure, 
become prime (drdha, or niccheda, or nirapavarta) to 
each other." 1 541 


1 (i).SiSe.. xiv-26.; (ii). L(ASS).Vs.242(ii).; (iii). BBi. R. 536). 
(iv).G.K.ix. 19(ii).;(v).SiTVi.xiii.p.179£. Cf. HHM. II. pp. 92- 93. 


? Cf. (i). MSi. Xviii- 1(i).; (ii). G.K. ix-20Gi).; (iii). BBi. R.53Gi). 
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2.3: Rule for construction of valli : 


qouset fang uer rada | 
fara ST men TATA SUF NAA 
aat: Furset Astedsfaaa qe i 
ar mares «rag waft uus 


*Divide mutually the dividend and the divisor, made 
prime to each other, until the remainder is 1. Set down 
the quotients (of mutual division), one below the other 
(successively), benaeath them the interpolator and the 
cipher below that. Multiply by the penultimate, the 
number just above it (and) add the ultimate (to the 
product). Then, reject the ultimate. (Do so repeatedly) 
until only two numbers are left.” n 55-56 Il 


2.4: Rule of obtaining minimum solution for the even 
number of quotients, and for the odd number of 
quotients obtained in the mutual division of the 
dividend and the divisor (when the interpolator is 
positive) : 


RAIA qeraenpedt å HAT orent | 
aR mer: vat: Fyrste TOC WIRT Aaa: ULI 
Amd d ated qurersdt aT | 


"Divide the lower one by the reduced divisor, like the 
upper one by the reduced dividend. The remainders are 
the multiplier (and) the quotient, in order. If the 
number (of mutual division) be even (the remainders) 
so obtained are the multiplier and the quotient. If that is 





3 Cf. (i). BBi. R. 55-56(i). (ii). G.K. ix.21-22. ; 
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odd, subtract the multiplier and the quotient, from their 
respective abraders."^ W 57-58(i) li 


2.5: Rule of obtaining minimum solution when the 
interpolator is negative : 


arya qurersft Rstaarorat fasifüd arash une 


“(If the interpolator is) positive, the remainders are the 
multiplier and the quotient but (if the interpolator is) 
negative, (these) subtracted from their respective 
abraders, (are so). It 58(ii) 1 


2.6: Rule for General solution : 


graag aper Aaa TOCA + | 
“These added to (the product of) any desired number 
multiplied by the abraders become manifold.”® n 59(i) u 


2.7: Rule for abrading while computing multiplier and 
quotient : 


ada zem ard cuui gar we 


“In all methods, the learned should take the same 
(quotient) in (both the) abrading.”’ I| 59(ii) I 


That is to say, 

(i). Ifx= a, y= B be the minimum solution of 
ax + C = by, obtained by writing , a’ = æ mod b, 
B' = B moda is correct only when 





^ Cf. (i). BBi. R. 56(ii). (ii). G.K. ix.23-24(i). ; 

5 Cf. (i). L(ASS). Vs. 250. ; (ii). G.K. ix. 24(ii) ; (iii). BBi.R.59(i). 

5 C£ (i. L(ASS).Vs.-256. (ii).G.K. ix-25(i). (iii).BBi.R.64. 

7 (i). L(ASS). Vs. 252(i). (ii). G.K. ix. 25(ii). (iii). BBi.R.60. 
Cf. HHM. IL. p. 112. 
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Ln LN 2 
E > ‘= EE = the same integer. 


[ Def. of mod : If a= qm* r; where O<r< m, 
then a = r mod m.] 





Kuttaka method (Explanation) : 
Consider the equation, 
axt c= by. sss.) 

Here, a is the ‘dividend’ (bhdjya), b is the ‘divisor’ 
(bhajaka, hara etc.), c the ‘interpolator’ (ksepa), x the 
‘multiplier’ (gunaka gunakara etc.) (i.e. unknown 
quantities to be obtained) y the ‘quotient’ (/abdhi, phala 
etc.). 


In order that the equation (1) may be solvable for 
integral values, the numbers a, b, c must be made prime 
to each other (i.e., drdha, niccheda, nirapavrta). 


Step.1: Making a, b,c relatively prime : 


If the dividend, the divisor and the interpolator have a 
common factor, divide them by their common factor. 


If any number, divides both the dividend and the 
divisor and does not divide the interpolator, then the 
problem is incorrect. However the condition is necessary 
only in case integral values of x and y are sought. 


Step.2 : Mutual division of the dividend and the divisor : 


The reduced dividend (drdha bhåjya) is divided by 
reduced divisor (drdha bhåjaka) mutually untill 1 is 
obtained as a remainder. Thus a series of quotients are 
obtained. 
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Step.3 : Construction of valli : 


Taking the quotients obtained in the mutual division in 
their order, next the interpolator, and the cipher as the last 
number are kept one below the other ; thus a coloumn of 
numbers is formed. Now, the number just above the 
penultimate  (upantyürdhva) is multiplied by the 
penultimate (upantya) and the ultimate (antya) 1s added to 
the product. By this sum replace the number just above 
the penultimate (i.e. the upantyürdhva); then the ultimate 
is rejected. Thus another column of numbers is obtained. 
The process is repeated until only two numbers are left. 


Step.4 : To find ‘quotient’ y (labdhi, phala), and 
‘multiplier’ x (gunaka, or gunakara etc.),: 


(i). The upper number in the last column of the valli 
being abraded (or divided) by the reduced dividend, the 
remainder is the quotient y; and the lower one being 
divided by the reduced divisor, the remainder is the 
multiplier x ; if the number of quotients of mutual division 
is even. 


(ii). If the number of quotients of mutual division is 
odd, the quotient and multiplier so obtained must be 
subtracted from their respective abraders (1.e., reduced 
dividend and reduced divisor) to get the true quotient and 
multiplier. 


[Note: In abrading the (calculated values of) the 
multiplier (guna) and the quotient (Jabdhi) by their taksana 
(i. e., divisor and the dividend respectively) one should 
take out the same multiple of them. ] 

(iii) If the interpolator is negative, the quotient and 
the multiplier are obtained by considering it as positive. 
The quotient and the multiplier, so obtained, are subtracted 
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from the dividend and divisor, the remainders are the 
quotient and the multiplier, respectively, for the negative 
interpolator. 


In any one of the above 3 cases, any integral multiple 
of the dividend and the same integral multiplier of the 
divisor, added to the quotient and the multiplier are also 
the quotient and the multiplier, respectively, for that case. 


Rationale *: Consider the equation, 
ax + C= bY (1) 

a being the dividend, c the additive and b the divisor. 
Also, suppose that a and b are prime to each other and 
b< a. [If b > a we will have, q = Oand r; = a; for q 
and n,, see below] 

We perform the usual Euclidean algorithm on a/b. 
That is, mutual division of a, b 


Let 
b)a (q 
bq 
n)b(qi 
T4Q1 
T,)n (42 
1202 
T3 
Tm-1 ) Tm-2 ( Qm-1 
Tm-10m-1 
Tm ) Tm-1 ( Qm 
Tm am 
Tm+1 





HHM.II. pp. 96-99. 


Kuttaka (Pulveriser) 101 


Then, we get 
a= bq+ nr, 
b=n4+ "2, 
n = 1292 + ns, 


T2 = 7393+ T4, 


Tm-2 = Tm-1%m-1 t m, 
Tm-1 = mmlm + Tm+1 
Now substituting the value of a in (1), we get, 
by = (bq + rj)x * c. 


T,X-C 


Therefore y= qx* y, where yı = F 


In other words, 
since a = bq + 7, on putting y = qx + yı, 
the equation (1) reduces to by, = rx + c. s PET) 
Again, since b= nm * n, 
putting similarly x = qiy4 + x; 
the equation (1.1) reduces to 
TX = Tog — Cw eee (1.2) 
and so on. Writing down the successive values and reduced 
equations in columns, we have 


























a) y= qx* yı, by,2nx*c, 11 
g X= qy + X1, nx,27,y4-c | 1 
6) V1 = 42X1 + Y2, 12y2= faX1 + C 13 
X1 = G3Y2+ X2, 13X2 = T4V2 — C, si 
6) Va = d4X2 + Y3, Tay3 = T5X2+ c, |15 
6) X2 = Qsys + X5, T5X3 = rgya —c, || 
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Qr Y2n-1 T?n-2Yn 1. Qn-1) 
= Qon-2Xn-i * Yn = Tan-1%n-1 t C 
(2n) Xn-1 = G2n-i1Yn + Xn Ton-1%Xn 1. 2n) 
= TonYn — © 
(2n+1) Yan+1 = Q2nXn + Yn+1 TanYn4+1 1.(2n+1) 
= Tantixn + C 

















Now, suppose the mutual division is continued until the 
remainder is unity. 
Case (i). If the number of quotients be even, we then have 

Tan = 1, Tanta = 9 an = Ton-1: 
The equations 1.(2n) and 1.(2n+1), therefore, become 

Yn = danXn * C 

and Yn+1 = C 
respectively. Giving an arbitrary integral value (f) to Xn, 
we get an integral value of y,. From that we can find the 
value of x,_, with the help of the equation (2n). 
Proceeding backwards step by step we ultimately find the 
values of x and y in positive integers. 


Case(ii). If the number of quotients be odd, we will have, 
Ton-1 = 1, Tan = 0, and Gon-1= Ton-2- 
The equations (2n+1) and 1.(2n+1) will then be absent 
and the equations (2n) and and 1.(2n) will be reduced 
respectively to 
Xn-1 7 Q2n-1i: Yn — €; 
and X47 —C. 

Giving an arbitrary integral value (t') to y, we get 
an integral value of x4 4. Then proceeding back wards 
as before we can calculate the values of x and y in 
positive integers. 
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General solution : 


Any integral multiple of the reduced dividend added to 
the quotient, and the same integral multiple of the reduced 
divisor, added to the multiplier respectively, are also a 
pair of quotient and multiplier of the given Kuttaka. 


Aryabhata I has given a rule for solving at _ 





by stopping at any finite desired number of steps in mutual 
division of the dividend and the divisor’. By considering 
the equation, m - y, where y is positive integer, 
Bhåskara I supplements the form of Aryabhata I, in which 
the interpolator is always made positive by necessary 
transposition". The same rule which holds under the same 
conditions has also been given by Sripati"'. Bhåskara I has 


. . axtc 
also given" a rule for solving x 


where a = mb + a’ by proceeding at once with the 
solution of the equation a'x + c = by. 


Brahmagupta has given a rule? for solving 
Aryabhata's problem. Mahavira has given a rule with a 


view to find the solution of a = y, in positive integers. 


The same method has been redescribed by him in a 


? — A-ii-32-33. Cf. HHM, II. pp.93-99 

? MBh.i42-44. ; Cf. HHM IL pp. 99-100. 

!  SiSexiv.2225. ; Cf.HHM. II. p. 110. 

? MBh.i-47. Cf. HHM. II. p.101. 

7  BrSpSi.xviii.3-5, and 13. Cf. HHM. II. pp.101-103. 
"^ GSS.vi.115% . Cf. HHM. II. p.103 
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slightly different form. Here, in this case, he continues 
the mutual division until cipher is obtained as a remainder 
and further takes the optional multiplier to be cipher. 


Sq - 
wfarfeeeriaqdst artet 
Peat raris gaar MÅ | 
ant vated faspezmisria- 


dæ: Ge sua Å Woe Wed Å REI 


Ex.26: “A number is multiplied by 273 and (the product) is 
increased by 91. (The sum is exactly divisible by 247. 
Oh friend, tell me quickly that number and also the 
quotient."!Ó 1 26 1 


Statement (Nyasa ): 

Here, the dividend 2273, the additive 291 and the 
divisor=247. 

-. the equation to be solved is 273x + 91 = 247y. 
Solution : 
The dividend, the divisor and the interpolator have a 


common factor 13. 
247) 


jà 


( 


273 
247 
26) 


( 2 


ONN 


6 
6 
0 
Reducing them by 13, the dividend =21, the additive =7 
and the divisor=19 , so the equation formed will be : 


5 GSS.vi.136%. Cf. HHM. II. pp.103-104 
16 GK. IX, Ex. 21. 
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21x+ 7- 19y 


The mutual division of the dividend and the divisor willbe 
as follows : 


so that the quotients obtained are 1 and 9. Also the 
additive is 7, putting cipherat the end, the coloum formed 
will be the first coloumn in the following table (i.e., valli). 


Addition of the lowest i.e., 0 to the product of the 
penultimate i.e., 7 and the number above it, i.e., 9, gives 
9x 7+ 0= 63. Now the lowest 0 is rejected and the 
number 9 in the first column is replaced by 63. Thus the 
second column is obtained. Again, by the same process, 
we get 1x 63+ 7 = 70 which replaces 1 and the 7is 
rejected. Thus obtained is the third coloumn. 














1 1 1x 63+ 7= 70 
9 9x 7+ 0= 63 63 
7 7 - 
0 z 5 

















Since only two numbers are left in the last column, 
construction of valli is complete. 


Now the upper number in the last column is 
abraded by the dividend, 21, and the lower one by the 
divisor, 19. The quotient of abrading the upper and the 
lower numbers in the last column of the valli being the 
same 3, in each case, and also the number of quotients of 
mutual division (22) is even, the residues obtained are the 
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minimum values of the quotient, y , and the multiplier x , 
respectively. 


Any integral number, multiplied by the divisor , 19, 
the product added to (subtracted from) the multiplier will 
also be a multiplier. Similarly, the same integral number 
multipliedby the dividend, 2, the product added to (or 
subtracted from) the qoutient, 7, will also be the 
corresponding quotient. Thus the minimum solution of (1) 
is x = 6, y = 7 and its general solution is 


x= 64 19, y= 7+ 21t, wheretis any integer. 


Verification: 





t x y 273x+91 247y remark 





6+19=25 |7+21=28 | 273x 25+ 91= 6916 | 247x 28= 6916 |correct 





6+38=44 | 7+42=49 |273x 44+ 91= 12103 | 247x 49= 12103 | correct 








Wl N| e 


6+57=63 | 7+63=70 | 273x 63+ 91= 17290 | 247x 70= 17290 | correct 























It has been shown that the process of solving a 
problem by the method of the pulveriser (1. e., kuttaka), 
can some times be abbreviated to a great extent." 





17 


. HHM. II. pp. 111-113. 
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2.8: Rule for Reducing divisor (bhajaka) and additive 
(ksepa), or dividend (bhåjya), and additive (ksepa), 
or both by their common divisor: 


HAH - 


cereus E 
smraficsanquret «førs vauadzd gol 


"The divisor and the additive or *the dividend and 
the additive’ of ‘both’ may be reduced by a common 
(or different in the last case) divisor. The multiplier 
and the quotient (obtained), multplied by their 
respective divisors, are the (true ones).”"* n 60 n 


Let the equationbe ax+ c= by. arth 13: 


The numerical work can be reduced if the numbers (a, c) 
or (b, c) have a common factor. 


(i) In the equation ax * c - by, suppose a= ka, 
c= kc' where k is an integer. Then the equation 
reduces to a'x+ c' = by’, where y'= y/k. 


If (x, y') are solutions of the reduced equation 
a'x* c' = by", then (x, ky') are solutions of the 
original equation ax * c = by. 

(ii) In the equation ax + c= by, suppose b= kb", 
c= kc' where k is an integer. Then the equation 
reduces to ax' * c'= b'y, where x’ = x/k. 


If (x', y) are solutions of the reduced equation : 
ax' + c' = b'y, then (kx', y) are solutions of the 
original equation ax * c - by. 


18 Cf (i) L(ASS). Vs.248. ; (ii).G.K. ix-26. ; (iii). BBi. R. 1431 58 1 
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(iii) It may be possible to combine cases (i) and (ii). 
Let a= ka c= kc' 

b= lb", c'= lc", 
Then the equation ax + c = by becomes 

ka'x + kle" = lb"y 


or a'X + c" = b"Y, where X = T Y= - 
If (X, Y) are solutions of the last equation, then 
(IX, KY) are solutions of the given equation ax + c = by. 


Sqeum - 
Neat: aataa fasrar fager ar | 
ATUAA TAMA yet d HAT enm 1129 


Ex.27: “Anumber is multiplied by 80, (and then) 30 is 
either added to or subtracted (from the product). The 
sum (or the difference) becomes exactly divisible by 
39. Tell (that number and) the quotient, separately." +° 
Il 27 II 


Statement (Nyåsa ) : Here, the dividend = 80 and the 
interpolator = 30 and the divisor = 39, so the equation will 
be: 80x + 30 = 39y EE de 


Solution : 
Method - I : Whithout reducing the dividend, the divisor, 
and the interpolator (by their common factor): 


Case -(i): With positive interpolator, i.e., 80x + 30 = 39. 
Mutual division of the dividend and the divisor will give 





19 GK. IX, Ex. 22. 
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HG 


the quotients 2 and 1 in succession. Here the interpolator 
is 30, constructing the valli as stated verses 55-56 it will 
be as follows : 














2 2 | 2x570+ 30= 1170 
19 | 19x 30+ 0- 570 570 
30 30 - 

0 z 

















The number of quotients of mutual division being 2, an 
even number , and also, 


570=546+24 or 570=39x 14 +24; 
1170=1120+50 or 1170=80x 14 +50. 
By the rule stated in verses 57 -58(i) the minimum 
solution of (1) is x = 24 and y = 50. 
Now in accordance with the rule stated in verse 
59(i).the general solution of (i) is 
x= 24+ 39t and y = 50+ 80t, t being any integer. 


Case (ii) : 80x — 30 = 39. 


In accordance with rule stated in verse 58(ii) , 
subtracting 24 and 50 from their corresponding 
abraders we get the minimum solution as x = 39 - 24 
=15, and y = 80-50 =30. Therefore, the general solution 
in case of (ii) with negative interpolator is : 

x= 154+ 39t and y = 30+ 80t, t being any integer. 
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Method-1lI: Reducing the dividend, and the interpolator 
by their common factor : 

Reducing the dividend, and the  interpolator by their 

common factor 10 the given eqution (1) reduces to 


8x + 3- 39y 
Case-(i; 8x+ 3 = 39y ............. (2) 
By mutual division of the reduced dividend and the divisor 
39)8(0 
0 
8)39(4 
32 
23-84 
7 
1 


we get the quotients O, 4, and 1 in succession. Here the 
reduced interpolator being 3, constructing the valli as 
stated verses 55-56 it will be as follows : 





























0 0 0 | Ox 15+ 3= 3 
4 4 | 4x 3+ 3=15 15 
1 | 1x3+0=3 3 - 
3 3 - - 
0 : " 2 
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Now in according to the rule stated in verse 59(i). 
the general solution of (i) is 
x= 24+ 39t and y = 50+ 80t, t being any integer. 


Case-(ii): The general solution in case of (ii) [ with 
negative interpolator], i.e. 80x — 30 = 39 is: 
x= 154+ 39t and y = 30+ 80t, t being any integer. 


Method-lll: Reducing the divisor , and the interpolator 
by their common factor : 
Reducing the divisor, and the  interpolator by their 
common factor 3 the given eqution (1) reduces to 
80x € 102 13y ........... (3). 


By mutual division of the dividend and the reduced 


divisor: 
i 3:5) 80 (6 
7 8 
2 ) 13 (6 
1 2 
1 


we get the quotients 6, and 6 in order. Here the reduced 
interpolator being 10, constructing the valli as stated 


15= 39x 0+ 15; 3=8x0+3 


Since the number of quotients of mutual division (=3)is 
odd, subtracting the 3 and 15 from their corrresponding 
abraders, we get 39 - 15 = 24 ; 8 - 3 = 5. So, x 224; y 25 
are the minimum solution of the reduced equation (2). 


So in accordance with the rule stated in verse 60, 
the minimum solution of 80x + 30 = 39, is x = 24 
and y = 5 x 10 (the common factor of the dividend and 
the interplator) 250. 


verses 55-56 it will be as follows : 























6 6 | 6x 60+ 10= 370 
6|6x10+ 0- 60 60 
10 10 - 
0 R x 





The number of quotients of mutual division being 2, an 


even number , and also, 


370 = 80x 4+ 50 


60- 13x 4+ 8 
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By the rule stated in verses 57 -58(i), the minimum 
solution of 80x + 10 = 13y is x = 8and y= 50. 

Now, , in accordance with the rule stated in verse 
60, the minimum solution of 80x + 30 = 39is 

x = 8x 3 (the common factor of the divisor and 
the interplator) = 24 and y = 50. 

Now in accordance with the rule stated in verse 
59(i). the general solution of (i) is 
x= 24+ 39t and y = 50+ 80t, t being any integer. 


Case-(ii): The general solution in case of (ii) [i.e., with 
negative interpolator], is: 
x= 15+ 39tandy = 30+ 80t, t being any integer. 


Method-IV: First Reducing the divisor , and the 
interpolator by their common factor. and 
then again reducing the reduced 
interpolator and the dividend by their 
common factor: 


First Reducing the divisor , and the interpolator by 
their common factor 3, and then again reducing the 
reduced interpolator and the dividend by their common 
factor 10 , we have, the dividend = 8, the divisor = 13: and 
the interpolator = 1, and so the reduced equation will be 

8x+ 1= 13y ........ (4) 


Mutual division of the dividend and the divisor will 
give the quotients 0,1,1,1, and 1 in succession. 
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13) 8(0 
0 
83 43 
8 
5) 8(1 
5 
3)5(1 
Jaer Ci 
2 
1 
0 0 0 0 0 | 0x5+3=3 
1 1 1 1 | 1x3+2=5 5 
1 1 1 | 1x2+1=3 - - 
1 1| 1x1+1=2 2 - - 
1 | 1x1+0=1 1 - - - 
1 1 : : , : 
0 3 - - : 2 




















Since the number of quotients of mutual division (=5), is 
odd, subtracting the 3 and 5 from the corresponding 
abraders, we get, y=8-3=5 and x=13-5=8 asthe 
minimum solution of 8x + 1 = 13y (4). 


Multiplying the value of the x by the common 
measure 3 of interpolator and of the divisor, and the 
value of the quotient y by the common measure 10 of 
the dividend and the reduced interpolator separately an 
inorder, x = 8x 3 = 24 and y - 5 x 10 - 50. 


Now in accordance with the rule stated in verse 
59(i). the general solution of (i) is 
x= 24+ 39t and y = 50+ 80t, t being any integer. 
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Case-(ii): The general solution in case of (ii) [i.e., with 
negative interpolator], is: 

x= 15+ 39t and y = 30+ 80t, t being any integer. 
Answers : 

Solution of 80x + 30 = 39: 


t 1 2 
x= 24+ 39t | 63 | 102 
y=50+80t | 130 | 210 














Solution of 80x — 30 = 39: 


t 1 2 
x=15+39t | 54 | 93 
y=30+80t | 110 | 190 





























Sqeum - 
ær vr: wewfu: gpuur: aa AT: | 
afsiat ar fafayfet ar: «ma aan) AA ul 


Ex.28 : "Anumber is multiplied by 5, (and then) 37 is 
added to or subtracted from the product. (The result) 
is exactly divisible by 3. Tell that number (and the 
quotient,) quickly."?? ii 28 n 


Statement (Nyåsa ) : Here, the dividend = 5 and the 
interpolator = 37 and the divisor = 3, so the equation will 
be 

5x+ 37= 3y EE eL) 
Solution: Case-1: 5x+ 37= 3 
Mutual division of the dividend and the divisor will give 





20 GK. IX, Ex. 23. 
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3 5 1 
) 3 ( 1 1 | 1x 37+ 37= 74 
2) 3 d 1 | 1x 37+ 1=37 37 
2 37 37 - 
1 0 z 

















Now, abrading the upper number 74 ,by the dividend 
5, will give the quotient 14 and abrading of the lower 
number 37, by the divisor 3, will give the quotient 12. 

Here the quotients are different. but we must take 
the residues with the same quotient . Therefore take 12 as 
the quotient in both the cases : 

37=12x 3+1; and 74 =12x 5+14 , therefore the 
minimum solution is, 

The multiplier = x= 1, and the quotient y = 14. 

If the quotient of abrading is taken as 14, 

then 37 = 14x 3— 5, and 74= 14x 5+ 4, 

- The multiplier = x = —5, and the quotient y = 4. 

Now in accordance with the rule stated in verse 59(i). 


the general solution of 5x + 37 = 3y is 
x=1+ 3t; y= 14+ Storx= -5+ 3t; y= 4+ bt. 


Case-2: 5x—37= 3y 
The general solution in case-2 [ie. with negative 
interpolator], is : 
x= (3-1)+ 3t and y= (5—14)* 5t,or 
x= (3—(55)) + 3tandy = (5—4) + 5t,or 
ie.x = 8+ 3t; y= 1+ 5t; t being any integer. 


Here, Narayana comments, 


aaa aed seer vont 
qarr Aa (Rt) wem OT wm: | 
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"The practice of (taking) the same (quotient) for the 
abrader means any optional (integral) multiple of the 
abrader added to (the multiplier and the quotient), the 
multiplier and the quotient become many fold and (also) 
any optional (integral) multiple of the abrader subtracted 
(from the two number), the multiplier and the quotient 
become many fold." 


2.9: Alternative rule to find actual multiplier and 
quotient when the interpolator is abraded by the 
divisor : 


UAH - 
Bae smalt frame ger | 
erat gn aama at RT: En 


*Abrade the interpolator by the divisor (and work 
with the residue in place of the interpolator). The 
multiplier and quotient may be found as before; the 
quotient (obtained), however, must be increased by the 
abrading quotient in case the interpolator is positive, 
but, if it is negative, the abrading quotient must be 
subtracted. (But there will be no change in the 
multiplier)?! n 61 u 


That is, 

In the equation ax + c = by, suppose that c = bq + s; 
ifx = m,y = nis the minimum solution of ax + s = by, 
then x= m, y=n+q is the minimum solution of 
ax+ c= by. 


? Cf (i) L(ASS).Vs.252 (ii-iii).(ii). G.K. IX.-27. 
(iii). BBi.R.ll'4&Il 611; HHM. I. p. 112. 
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2.10: Alternative rule to find actual multiplier and 
quotient when the dividend is abraded by the 
divisor? 


CEM AERA efe: I 61: N 


*Abrade the dividend by the divisor (and work with 
the residue in place of the dividend). The quotient is 
the sum (of the quotient obtaimed from working with 
the residue and the product of) the multiplier and the 
result (i.e., the quotient of abrading)" Il 61 lI 


In the equation : ax+ c= by, suppose that 
a= bp+r and let x= m, y- n be the solution of 
rx t c = by then according to the rule, 

x= m,y = n+ mp wil be a solution of ax + c = by. 
For the special case when both dividend and interpolators 
are greater than the divisor : 


The multiplier may be found as before after abrading 
both the dividend and the interpolator by the divisor ; from 
(this multiplier) the quotient may be found by multiplying 
(it) by the dividend, adding the (interpolator) and then 
dividing (the sum by divisor). (That is, by substituting the 
value of the multiplier in the original equation.) 


That is, in the equation ax € c= by, suppose that 
a= bp+r and c= bq* s; andalsoif x= m,y-n 
is the minimum solution of rx + s = by, 


then x2» m, y=n+mptq is the minimum 
solution of ax € c = by. 





? GK. IX.-28(i). 
23 HHM. Il. p.113. 
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at vr: aryfee fest aaga: | 
dr arse: Breer afe d emp UR 


Ex. 29: "A number is multiplied by 1000. (When) 2210 is 
either added to or subtracted from the product. (The sum 
or difference) becomes exactly divisible by 143. Tell 
them, separately.""^ii 291 


Statement (Nyasa ) : Here, the dividend = 1000 and the 
interpolator = 2210 and the divisor 2143, so the equation 
will be 1000x € 2210 = 143y EIER 


Solution: Casei. 1000x+ 2210 = 143y 
Method - I : Whithout reducing the dividend, the divisor, 
and the interpolator (by their common factor): 














143)1000(6 
858 
142)14 3 (1 
14 2 
1 
6 6 | 6x 2210+ 2210- 15470 
1 | 1x 2210+ 0= 2210 2210 
2210 2210 3 
0 - 

















The number of quotients of mutual division being 2, an 
even number , and also, 

2210 = 143 x 15+ 65; 15470 - 1000 x 15+ 470 
By the rule stated in verses 57 -58(i), the minimum 


solution of (1) is x = 65 and y = 470. 





24 GK. IX, Ex. 23 
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Now in accordance with the rule stated in verse 
59(i).the general solution of (i) is 

x= 65+ 143t and y = 4700+ 1000t, t being any 
integer. 


Case (ii) : 1000x — 2210 = 143y .......(2) 


In accordance with rule stated in verse 58(ii) , 
subtracting 65 and 470 from their corresponding 
abraders we get the minimum solution as x - 143- 
65-78, and y = 1000-470=530. Therefore, the general 
solution in case of (ii) with negative interpolator the 
general solution is : 
x= 78+ 143t and y = 530+ 1000t, 

t being any integer. 


Method II : Alternatively when the interpolator is 
abraded by the divisor : 


Division of 2210 by 143 gives, the quotient 15 and remainder 


65. The abridged equation is 1000x + 65 = 143y 
143)1000( 6 














85 8 
142)143(1 

142 

1 

6 6 | 6x65+ 65= 455 
1|1x65+ 0= 65 65 
65 65 - 
0 E 

















65= 0x 143465; - m= 65; 
45520x 1000 +455 «n= 455 
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Thus the solution of equation (1), in accordance with the 
rule stated in verse 61 is (x, y) = (65, 455+ 15 = 470). 
Method III : When the dividend is abraded by the 
divisor: 
a= bx p+r, ie. 1000-7 143x 6+ 142. 
The abridged equation is 142x+ 2210 = 143y 


143)142 (0 


























0 
142) 143 (1 
1 4 2 
1 
A 0 0 | 0x 2210+ 2210- 2210 
1 | 1x 2210+ 0- 2210 2210 
2210 2210 : 
0 = 

















2210=143 x 15+65; «m= 65; 
2210=142 x 15+80; n= 80 


Then according to the rule stated in verse 61-, 
x= m= 65, y= n+ mp = 80+ 65x 6= 470; 


will be a solution of 1000x + 2210 = 143y. 


Method IV: When the dividend and the interpolator 
both are abraded by the divisor: 


1000x + 22102 143y ow. sD) 
Here, a=bx ptr, 
1000 = 143x 6+ 142; and 
c=bq+t+s 


2210=143 x 15+65 
The abridged equation is : 142x + 65 = 143y 
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143°) 43 4X 2 ( 9 
0 
1 42)143(1 
1 4 2 
1 
0 0 0x 65 + 65= 65 
1/|1x 65+0=65 65 
65 65 - 
0 = 

















65= 0x 143+ 65, m- 65; 65= 0x 142+ 65,.n= 65. 
(x, y) = (65, 65) is the solution of 142x + 65 = 143y 
Then according to the rule stated in verse 60 and 615, 


x=m= 65,y= n+ mp= 65+ 65x 6+ 15 = 470. 


Case ii. 1000x — 2210 = 143y 

1. When the dividend is abraded by the divisor: 
a=bx p+r, ie. 1000= 143x 6+ 142. 

The abridged equation is 142x — 2210 = 143y 


The minimum solution of 142x + 2210 = 143y is 

(x, y) = (65, 80) . In accordance with rule stated in 
verse 58(ii) , subtracting 65 and 80 from their 
corresponding abraders we get the minimum solution 
as x = 143-65=78, and y = 142 - 80 =62. 


Then according to the rule stated in verse 615, 

the solution of (2) will be x = 78, y = 62+ 6x 78 = 530. 
Therefore, the general solution in case of (ii) with 
negative interpolator the general solution is : 

x= 78+ 143t and y = 530+ 1000 t, 

t being any integer. 
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2. When the interpolator is abraded by the divisor: 


Division of 2210 by 143 gives, the quotient 15 and 
remainder 65. 
The abridged equation is 1000x — 65 = 143y. 
The minimum solution of 1000x + 65 = 143y is 


(x, y) = (65, 455). 
In accordance with rule stated in verse 58(ii) , 


subtracting 65 and 455 from their corresponding 
abraders we get the minimum solution of 


1000x — 65 = 143y 
asx - 143-65-78, and y = 1000 - 455 2545. 
Thus the solution of equation (2), in accordance with the 


rule stated in verse 61 is (x, y) = (78, 545— 15 = 530). 


3. Alternatively, when the dividend and the interpolator 
both are abraded by the divisor : 

The abridged equation is : 142x — 65 = 143y . 

The minimum solution of 142x + 65 = 143y is 

(x, y) = (65, 65) 

Therefore the minimum solution of 142x — 65 = 143y is 

(x, y) = (143 — 65 = 78, 142— 65 = 77). 


Thus the solution of equation (2), in accordance with the 
rule stated in verse 61 is 


(x, y) = (78, 77+ 78x 6— 15 = 530). 
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2.11 : Rule for solution of a pulveriser when the 
dividend is negative: 


greed qureedt eanet q ard: AÙ | 
aed wur: ami RRT q Å URETT VERN 


“In the case of a negative dividend find the 
multiplier and quotient as in the case of its being 
positive and then subtract them from their respective 
abraders. One of these results, either the smaller one or 
the greater one, should be made negative and the other 
positive.” 162 1 

Sq - 

arafasrequir vfarfeafadatseratfa: | 

weno far: st Tor av ART AT u30 |d 


Ex. 30: "A number is multiplied by -30. (When) 3 is either 
added to or subtracted from the product. (The sum or 
difference) becomes exactly divisible by 7. Tell me the 
number if you know ”?* 30 Il 


Statement (Nyasa ) : Here, the dividend = -30 and the 
interpolator = 3 and the divisor =7, so the equation will be 
—30x + 3= 7y PPP MEE RE 

Solution : 

According to the rule 62, in the case of negative dividend, 
first find the multiplier and quotient as in the case of its 
being positive and then subtract them from their 
respective abraders. 





^ Cf. (i). BBi. R. 67(ii). ; (li). G.K. ix.R. 28-29. ; HHM. II. p. 122. 
26 GK. IX, Ex. 25. HHM. II. p. 123. 
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7) i | (4 4 4 | 4x 9+3=39 
2)7(3 3|3x 340-29 9 

6 3 3 - 

1 0 à z 

















9=7x 1+ 2; 39=30x 1+ 9; 

-. The minimum solution of 7y = 30x+ 3 is x= 2,y= 9. 
Subtracting these values from the respective 
abraders, namely 7 and 30, and making one of the 


remainders negative, we get x= 5, y= —21 and 
x= —5, y - 21 respectively as solutions of 


7y  —30x * 3 and 7y= —30x - 3. 


In cases like this, Bhaskara observes : 


arret Amt Hue ar «ferda, I YS 
ard ar KONA HA: HUS AI AA | 


"Whether the divisor is positive or negative, the 
numerical values of the quotient and multiplier remain the 
same: when either the divisor or the dividend is negative , 
the quotient must always be known to be negative." 


sq xw - 
erase: Mea vidi: | 
Fant: Braet å Yor Te A FAT ust 


Ex. 31: “A number is multiplied by -30. (When) 97 is either 
added to or subtracted from the product. (The sum or 





7 HHM. Il. p. 123. 
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difference) becomes exactly divisible by 7. Tell me that 
number quickly. 8 311 


Statement (Nyasa ) : Here, the dividend = -30 and the 
interpolator = 97 and the divisor =7, so the equation will 
be 

—30x + 97 = 7y "teg 
Solution : 

According to the rule 62, in the case of negative 
dividend, first find the multiplier and quotient as in the 
case of its being positive and then subtract them from their 
respective abraders. 














7)30(4 
28 4 4 | 4x 291 + 97-1261 
2)7(3| 313x97+0= 291 291 
6 97 97 $ 
1 0 - 

















291=7x 41+4 ; 1261=30x 41+ 31; 
*. The minimum solution of 30x + 97 = 7y is x = 4,y = 31. 


When either the divisor or the dividend is negative , 
the quotient must always be known to be negative. 
Therefore, x = 4,y = —31is the minimum solution of 
—30x — 97 = 7y (when the dividend and the interpolator 
both are negative). 

Subtracting those from their respective abraders 
ie, x= 7-4= 3; y= —(30-31) = 1. is the 
minimum solution of —30x + 97 = 7y (when the dividend 
is negative and the interpolator positive). 





?5 GK. IX, Ex. 26. 
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2.12: Rule for the solution of kuffaka, when the 
additive is either zero or an exact multiple of 
the divisor or the dividend is zero: 


up ad gå svar qur ewm] | 
IA g west eng: var effer: 631 


"Where the additive is either zero or an exact 
multiple of the divisor, or the dividend is zero, there 
the multiplier is zero, and the additive as divided by 
the divisor is the quotient.” || 63 || 
That is, In the equation ax + c = by, 
if c= 0 then x= 0, y= ^ >= 0; or 
if(c/b) = an integer, then x = 0, 


Also, ifa = 0, then, x 2 0, y= 


yes. 
p’ 

ær vår: Area aNs: as | 
fifien: vacated ant d RAAT 11321 


Ex. 32: "Which is the number when multiplied by 7, and 9 
is either added to or subtracted from the product. (The 
sum or difference) becomes exactly divisible by 3 ? Tell 
(me) the quotient and the multiplier. "??i 32 1 


Statement (Nyåsa ) : Here, the dividend = 7 and the 
interpolator = 9 and the divisor 23, so the equation will be 


? Cf. (i). L(ASS).Vs.-254. (ii).G.K. ix-30.  (iii)BBi. R 4411631. 
30 GK. IX, Ex. 27. 
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7x 9-2 3y antam ass d) 
Solution : Case-1: 7x + 9 = 3y 


Here, since the additive is an exact multiple of the 
divisor, in accordance with the rule (2.12) stated in the 
verse 63, the minimum solution, that is, the multiplier is 
zero (1.e.,x = 0), and the additive as divided by the divisor 


is the quotient. That is, y = : nb im 3. 
-. The general solution of 7x + 9 = 3y is: 


(x, y) = (0+ 3t, 3+ 7t) 


Case-2: 7x —9= 3y 


In accordance with rule stated in verse 58(ii) , 
subtracting 0 and 3 from their corresponding abraders 
3 and 7, we get the minimum solution as x = 3 - 0 =3, 
and y - 7-3 -4. Therefore, the general solution in case 
of 2 with negative interpolator is : 
x= 3+ 3t andy = 4+ 7t, tbeingany integer. 


aft I - 
al ufariagfü: ape: usta: fer | 
Tæt d grat moat fe Gi ufa AR uaa 


Ex. 33 : "A number is multiplied by 9, (and when) O is 
added (to the product. The sum) becomes exactly 
divisible by 5. tell the quotient (and the multiplier), if you 
know.” 33 n 


Statement (Nyåsa ) : Here, the dividend = 9 and the 
interpolator =0 and the divisor 25, so the equation will be 
9x € 02 5y siter dat) 





3 GK. IX, Ex. 28. 
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Solution : 


Here, since the additive is zero, in accordance with the 
rule (2.12) stated in the verse 63, the minimum solution, 


that is, the multiplier is zero (i.e.,x = 0), and y = ` = 0. 
-. The general solution of 9x + 0 = 5y is: 
(x, y) = (0+ 5t, 0+ 9t) 
x= bt and y - 9t, tbeingany integer. 


aqu - 
mal UST: Beal Beare faafstat as | 
aged Aea 4 wur W HAT axi 


Ex. 34 : "A number is multiplied by 0, (and when) 12 is 
either added to or subtracted (from the product.) 
(The sum or difference becomes) exactly divisible by 
4. O mathematician, Tell me the multiplier (and)the 
quotient)."?^i| 34 II 


Statement (Nyåsa ) : Here, the dividend = O and the 
interpolator= 12 and the divisor=4, so the equation will be 
Ox+ 12-2 4y "PUE gu 

Solution : 

Here, since the dividend is zero, in accordance with the 
rule (2.12) stated in the verse 63, the minimum solution, 
that is, the multiplier is zero (i.e.,x = 0), and the additive 
as divided by the divisor is the quotient. that is, y = Å = 
12 


—= 3, 
4 


-. The general solution of Ox + 12 = 4y is 
(x,y) = (0+ 4t,3 + 0-t) t being any integer. 





32 GK. IX, Ex. 29. 
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The general solution of 0x — 12 - 4y is 
x= (4—0)+ 4t ; y= (0-3)«0:t 
or (x, y) = (4t,-3), tbeing any integer. 


Here, Narayana comments : 

aed sp esr: ud wear Apa [qurentsfa 
Fra HA sstAAaTT: weWafdl i 

“In case the dividend is cipher, the quotient is always 


constant (and) excluding cipher and infinity, it is possible 
for the multiplier also to be integral in all cases." 


2.13 : Rule for the solution of a given pulveriser, from 
the solutions of the corresponding Constant 
Pulveriser : 


"dit fat ed after aah: quem d I 
Beara zd aeaf WET: ev 


*The multiplier and quotient determined by supposing 
the additive or subtractive to be unity, multiplied severally 
by the desired additive or subtractive and then divided by 
their respective abraders, (the residues) will be those 
quantities corresponding to them (ie. desired 
interpolators). 3 71 | 

That is, the solution of equation 

by = axtc 
in positive integers can be easily derived from that of 
by = ax x 1. 


3 (i). MBh. i.45.(ii). BrSpSi. Xviii.9-11. (iii). LASS). Vs.257. 
(iv).BBi..R.l&&l 71 ll ; (v). G.K. ix-3l. 
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Ifx = m,y = n bea solution of the latter equation, we 
shall have bn- amt 1. 

Then b(cn) = a(cm) + c. 
Hence x = cm, y= cn is a solution of the former. The 
minimum solution will be obtained by abrading the values 
of x and y thus computed by * b” and ‘a’ respectively as 
indicated before. 


2.14 : [Note: Here, Between verses 64 and 65, there 
occurs in the Ganitakaumudi a set of four Sutras followed 
by six examples dealing with the residual and conjunct 
pulverisers (sågra-kuttaka and samslista- kuttaka). To 
complement the chapter they are given in the appendix I.] 


AY - 
fem afem Ha ag aq akurat myke I i 
fem afet Safer aaf vakt neu 


R.65 : *A definition comming in a particular step in the 
process is to be used in that step of the process." 65 II 
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2.15 : Rule for solution of Special (astronomical) problems: 


Aare want en: URSA: | 
arafarsquretat ar erfstreqaremot vum isl 
que years ad vadam | 
arqurtserarav TATT aaret ASF VG OI 
at gu: Aaser ar ferd wd i 


R.66-67; : “The argument in ‘the rule of three is the 
divisor, the number defining (the constituent) is the 
dividend (and the remainder is the subtractive, or 
negative interpolator).The quotient (obtained) happens 
to be the arguement (and) the multiplier is its 
requistion. The earlier remainder is the multiplier and 
and still earlier remainder is the earlier (multiplier) and 
so on. (Finally) for (the integral number of years) and 
the unknown requistion as well, the fruit( in the rule 
of) proportion (i.e., the rule of three) is the dividend. 
The multiplier obtained happens to be the requistion 
and the quotient its fruit (i.e., fruit of the requistion). 
The requistion either so obtained or if given, may as 
well be used to find the fruit of the demand by the rule 
of ) proportion (i.e., by *the rule of three’).” “166-6731 


Explanation and Rationale : 


Let a man cover a distance of b yojanas in d years. 


With this rate, let him travel a distance of p yojans in q 


d 
years. Then, 2:1 


b p 





^^ (.L(ASS).Vs.258.; (ii). BBi.R.72. (iii). G.K. ix. 37(ii)-39. 
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or q (in years) = n years, m months, x days, and y + : 


ghatis, (say). 


Now suppose that neither p nor q is known but only 
the remainder of ghafts after division by b (i.e., only c) is 
known. The rule gives a process to find p and q both. 
Since 60 ghatis make a day, so 60 is made the dividend. 
Also, the argument (in 'the rule of three") is b , so b is 
made the divisor and c, the remainder of ghatis after 
division by b, the subtractive. Thus the equation 

60x —c 
Er us 
is formed and solved with known b and c. 


Now the quotient y, gives the number of ghatis and 
the multiplier x, the remainder of days (after division by b) 


as = =yt , and 60 ghatis make a day. 


Here, it may be noted that only one solution of the 
above equation will be valid as x< b and y< 60 
restricts the valid solution of the equation. Not only that 
but at all the successive stages of solution of the 
indeterminate equations formed at those stage in the 
solution of the problem also. Only one solution of those 
equation will be valid due to similar restrictions. Now, 
taking necessary changes in the coefficient of x and in the 
subtractive quantity and repeating the above process we 
obtain the number of days, months, and remainder of years 
(after division by b). Finally the fruit is made the dividend, 
the remainder of years (after division by b) the subtarctive 
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as usual, the argument, the divisor. Thus the equation 
formed is 


(dae) _ 
GT TE = y, 

where c' is the remainder of years (when divided by b). 
dx c 

So, Nc yt Go 


Now, the quotient y gives the number of years. So 
y* (<) gives the total time taken in covering the distance. 


Now, since the man covers a distance of b yojanas in d 
years, so obviously, the multiplier x will give the total 
distance traversed by the man hence the rule. 


The problem can also be solved by ‘the rule of three’ 
if either the distance traversed or the time taken is known. 


The rule is extensively used in Hindu astronomy” 
for finding (the place of) a planet and the elapsed days, 
from the remainder of ghafis in the planets place. 

See - 
Tahara ea fe dried fest 
flat mate at? € fracas Snare | 
crema dart aa unit wae fifa 
ARETE rest Were VI 


Ex.35 : A lame crawls slowly (at the rate of) 61 yojanas in 
53 years. If the remainder of ghatis (after division by 


35 Shukla, K.S. : Hindu mathematics in the 7? century as found in 


Bhåskara I's Commentary on the Aryabhattya, Ganita, Vol. 23, 
(june, 1972), No.3, 58-59. 
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61) be 20, O elder, tell quickly the measure of time in 
years, months, days and ghatis, and the distance 
traversed.” ll 35 II 


Solution: Here, 60 ghatis =1 day, the remainder of ghatis 
(after division by 61) = 20 and the argument =61. So the 

















6x-20 
equation formed will be, : ^ )- 
re 0 0|0x20+ 20- 20 
60)61(1 1 | 1x 20+ 0- 20 20 
20 20 - 
80 0 
1 : : 

















20 = 60x 0+ 20; 20= 61x 0+ 20 
The interpolator being negative, the minimum solutions 
arex = 61—20- 41, and y= 60—20= 40. 
-. The general solutions will be, multiplier x = 41+ 61t 


and the quotient y = 40 * 60t, where t is any integer. 


However since x < 61 and y < 60, so its only valid 
solutions will be, x = 41 = remainder days after division 
by 61 and y = 40 = number of ghatis. 


Now, since 30 days- 1 month and remainder of 
days-41, so the next equation will be , 

















30x-41 — 
61 — 
61)30(0 
0 0 0 | Ox 82+ 41= 41 
60 41 41 - 
1 0 å z 














41 = 1x 30+ 11; 82= 1x 61+ 21 


The interpolator being negative, the minimum solutions 
arex = 61—21= 40,and y= 30— 11- 19. 
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-. The general solutions will be, multiplier x = 40 + 61m 
and the quotient y = 19+ 30m, where mis any integer. 
But as x « 61 and y< 30 so its valid solution will be 
x = 40-2 number of months after division by 61 and 
y = 19 = number of days. 

Now, since 12 months = 1 year , remainder of months = 
40, after division by 61 and y = 19 - number of days, so 














1 Å 12x-40 
the next equation formed will be, € = 
61)12 (0 0 0 | 0x 200 + 40- 40 
0 5| 5x40+ 0-200 200 
12)61(5 40 40 S 
60 0 
1 

















40- 12x 3+ 4 ; 200= 61x 3+ 17 


The interpolator being negative, the minimum solutions 
arex = 61—17- 44,and y= 12—4= 8. 

As, y < 12, its only valid solution will be x = 44 = 
remainder of years after division by 61 and y= 
8 = number of months. 


Finally, since the fruit = 53 and the remainder of years = 
44, so the equation formed will be 5—9 = 
61) 53(0 
0 
53)61(1 
53 
8)53(6 
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0,0 |O |0 0 0 880 
1 |1 |1 |1 1 1012 | 1012 
616 |6 |6 880 | 880 | - 

1 |1 |1 | 132 | 132 

1 | 1 | 88} 88 |- 

1 | 44 | 44 | - - 

44| 44 | - 

0 |- 


























880 = 53x 16+ 32; 1012 = 61 x 16+ 36 
The interpolator being negative, the minimum solutions 
are x = 61—36= 25,and y= 53—32 = 21. 
Asx < 61, itsonly valid solution willbe 
x = 25 =the distance traversed, and 
y = 21 = the number of years 
Ths the distance traversed = 25 yojans and the time 


taken= 21 years, 8 months, 19 days and 40 + = ghatis. 


[Note : Though the chapter on pulveriser in both the books 
Ganitakaumudi and Bijaganitavatamsa is nearly the same, 
the following 2 rules, an example and a comment available 
in this book is not available in the former one. | 


Kuttaka (Pulveriser) 137 


2.16 : Rule for the solution of the pulveriser when the 
solution is fractional: 


SN KN 


fears ant fort sald cw wrenm | 
TIER: waa gost a He ed Wah 1G CA 


“Multiply the desired quotient by the divisor. 
Subtract the additive (from the product). Divide (the 
difference) by the dividend. (The quotient) happens to 
be the multiplier in the reduced or unreduced (both 
types of) pulveriser” II 68 II 


Sq - 


«far fare gA cardiac greatest av I 
aod apa at Hecate d HAT ust 


Ex.36 : "A number is multiplied by 30. Ten is added to the 
product. the sum is exactly divisible by 12. Expert in 
pulveriser, tell that." ll 36 II 


Statement (Nyåsa ) : Here, the dividend = 30 and the 
interpolator 210 and the divisor 212, so the equation will 
be 30x + 10 = 12y. 


Here, the dividend and the divisor is divisible by 3, 
but the additive is not divisible by 3. So, according to R. 53 
the problem is incorrect. 

However , according to Narayana [NBi.p.35], if the 
quotients (the values of y) are taken as 1, 2 and 3, in the 


equation : 
_ by-c | 12y-10 
a 30 
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then the multipliers (the values of x) are obtained as 
1/15, 7/15 and 13/15 and so on in many ways, 
according as the optional numbers are taken. 


amju- 


Feeauvarardsefaretser va TO TAT | 
Feeanfaard streamere: ne 


R. 69: "In the pulveriser, the absence of the process (of 
pulveriser), with integral quotient, the multiplier 
obtained is not always (so). While obtaining the 
solution of (such) a pulveriser, due to the desired 
number, the multiplier obtained is a fraction." 


Here, (at the end of this chapter,) Narayana comments: 
aff quz satan dq quisteuieriteut qur | 


"Certain skills have been told ahead in (the chapter 
on) simultaneous linear equations." 


[Note : Though a part of Bijaganitavatamsa is available, 
probably its chapter on (vama-samatva or anekavarna- 
samikarana is now lost.] 
sit peca: 
Thus ends the chapter on pulveriser. 


arr quum: 
SQUARE-NATURE 


The indeterminate quadratic equation 
Nx? + c= y? 
is called by the Hindus varga-prakrti or krti-prakrti, 


meaning ‘Square-Nature’. 


According to Datta and singh, the name varga-prakrti 
originated from the following consideration: 


The principle (prakrti) underlying the calculations in 
this branch of mathematics is to determine a number ( or 
numbers) whose nature (prakrti) is such that its (or their) 
square (or squares, varga) or the simple number (or 
numbers) after certain specified operations will yield 
another number ( or numbers) of the nature of a square. So 
the name is very significant. 


Technical Terms : 


The technical terms ordinarily used by the Hindu 

algebraists in connection with the Square-nature 
Nx? + c= y? 

are : 
x = adya-müla, kanistha-pada, hrasva-müla (lesser root) 
y= anya-mila, antya-müla, jyestha-pada (greater root) 
N = prakrti, guna, gunaka (multiplier) 
c= ksepa, praksepa, praksepaka, ksipti, (interpolator) 

The interpolator, when negative, is sometimes 
distinguished as ‘subtractive’ (sodhaka). The positive 
interpolator is then called ‘the additive’. 
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Brahmagupta (628 A.D.), Jayadeva (early 1 1th century 
A. D.), Bhåskara II (1150 A.D.) and Nåråyana (1356 
A.D.) etc. have given rules for the solution of such 
equations. 


Varga-Prakrti in Bijaganitavatamsa : 


The third section of Bijaganitavatamsa deals with 
the indeterminate equation of the second degree (varga- 
prakrti) i.e., Nx? € c = y? . In it first of all an obvious 
solution of equation by supposition has been given in (3.1) 
in verse70. After that, the additive composition has been 
dealt with in R.71-73(1) and the subtractive Composition 
in R. 73(i)-74(i). The case when the interpolator is the 
product of a square with an integer has been treated in 
74(1)-75(1). In R.75(ii)-76(i), a method for obtaining a 
rational solution of the equation has been given. 
R76(i)gives a method to obtain an infinite number of 
solutions from one such solution of the equation. 


Cakravåla (Cyclic Method of solution of the 
equation) has been dealt eith in R. 77-80. Solutions of 
equations Nx?— k? = y?, Mn?x?* c= y? and 
m?x? + c = y?, have been given in R.81, R.82 and R.83 
respectively. A rule to find an infinite number of solutions 
of Nx? € c= y?, with the help of one of its solution and 
a solution of Nx? + 1 = y?, have been given in R.84-85. 
Finally, at the end of the section a method to find the 
approximate value of a quadratic surd is treated in R.86. 
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ud xam - 


Seas Ye qui: wphtas qut qe: | 
hit ar å f: ansat vis ooN 


3.1 : Definitin, and an obvious solution by supposition : 


“An optionally chosen number is taken as the lesser 
root (hrasva-mila). Multiply its square by the 
multiplier (prakrti) Add (the interpolator) to or 
subtract (it) from (the product). The (result) is the 
square, whose root is the greater root (jvestha -miila).' 
I! 70 Il 


Observations? : 

The terms ‘lesser root’ and ‘greater root’ do not appear 
to be accurate and happy. For if x= m, y- n bea 
solution of the equation Nx? * c= y?, m will be less 
than n, if N and c are both positive. But if they are of 
opposite signs, the reverse will sometimes happen. 
Therefore, in the latter case, where m » n, it will be 
obviously ambiguous to call m the lesser root, as was the 
practice in later Hindu algebra. 

For instance, take the following example (BBi. verse 97) 

13x? — 13 = y?. 
One solution of it is given by Bhaskara as x = 1, y = 0; so that here 
the lesser root is greater than the greater root. The same is the case in 
the solution x = 2, y= 1 in the example (BBi. verse 98) 





! (i). BBi. R. 75. ; (ii). SiTvi. xiii. vs.209. Cf. HHM. II. P. 144. 
? HHM. II. p. 144. f.n. 5. & p145. f.n. 1 
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—5x? + 21= y?. 

Brahmagupta gives the example (BrSpSi. Xviii - 77) 
3x? — 800 = y?, 


which has a solution (x = 20, y = 20) where the two roots are equal. 
This defect in the prevalent terminology was noticed 
by Krsna (1580). He explains it thus : 


swansea: | at  aufaamerfsststt 
gayat wed cat wars gxsuarefüende vaft | 

These terms are significant. Where the greater root is 
sometimes smaller than the lesser root owing to the 
interpolator being negative, there also it becomes greater 
than the lesser root after the application of the Principle of 
Composition. 


For example, by composition of the solution (1, 0) of the equation 


13x?— 13 = y?, with the solution z = of the equation 
y 2’ 2 


. (11 39 
13x? + 1 = y?, we obtain, after Bhåskara II, a new solution (=, =) 


of the former , in which the greater root is greater than the lesser root. 

Similarly, by composition of the solution (2, 1) of the equation 
—5x? + 21 = y? with the solution G, 2) of the equation 

—5x? + 1 = y?, we get a new solution (1, 4) of the former 
satisfying the same condition. 

The earlier terms, ‘the first root” (adya-müla) for the 
value of x and ‘the second root’ for the value of y, are 
quite free from ambiguity. Their use is found in the 
algebra of Brahmagupta (628). The later terms appear in 
the works of his commentator Prthudakasvamr (860). 


Before proceeding to the general solution of the 
Square-nature Brahmagupta has established two important 
lemmas. 
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3.2 : Brahmagupta's Lemma-I (*Bhåvana” or Principle 
of Composition)’ : 


* Of the square of an optional number multiplied by 
the gunaka and increased or decreased by another optional 
number, (extract) the square-root. (Proceed) twice. The 
product of the first roots multiplied by the gunaka 
together with the product of the second roots will give a 
(fresh) second root ; the sum of their cross products will 
be a (fresh) first root. The corresponding interpolator will 
be equal to the product of the (previous) interpolators.”* 


That is to say, 
If x = a, y= B bea solution of the equation 


Nx? + k= y?, 
and x = a’, y= B' bea solution of 
Nx? + k' = y*, 


then according to the above, 


x= ap'* a'p, y= pp' + Naa’ 
is a solution of the equation 


Nx? + kk' = y?. 
In other words, if 
Ng? + k= p?, 
Na” + k'= p. 
then 
N(af' + a'B)? + kk' = (BB' + Naa')?. ......(I) 


In particular, taking «a = a", B= fp’ and k= k’, 
Brahmagupta finds from a solution x = a, y= B ofthe 
equation 


? HHM. II. p. 146-147. 
^, aot fasene Tonfesyafadere i 
Staur: PEAT FIAT Il 64 II 
avatar van vata: Qag: I [Br.Sp.Si.xviii. 64-65(i)] 
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Nx?* k= y?, 

asolutionx = 2aB, y= B? + Na? of the equation 
Nx? + k? = y*. 

That is, if Na? + k= på, 

then, N(2aB)?+ k? = (B2? + Na?)?  .... (ID) 


This result will be hereafter called Brahmagupta’s 
corollary. 

The above results are called by the technical name, 
Bhåvana (demonstration or proof, meaning anything 
demonstrated or proved, hence theorem, lemma ; the word 
also means composition or combination). 


They are further distinguished as Samåsa-bhåvanå 
(addition Lemma or Additive Composition) and Antara 
Bhàvanà (Subtraction Lemma or Subtractive 
Composition). Again, when the Bhåvana is made with two 
equal sets of roots and interpolators, it is called Tulya 
Bhåvanå (Composition of Equals) and when with two 
unequal sets of values, Atulya Bhavana (Composition of 
Unequals). Tulya Bhavana (Composition of Equals) has 
been named Brahmagupta’s Corollary by B.B.Datta and 
A.N. Singh (HHM, II, p.147) 


Brahmagupta's Lemma-I has been described by Narayana 
thus : 


Vargaprakrti (Square-Nature) 145 


3.3 : Bhavana (Principle of Composition) : 


SERAN HASTA TAM ET I 


TITS ERT AAT METT ATA VERN 


“Set down the lesser root, the greater root (and) the 
interpolator. Set down below them the same or another 
set (of similar quantities), in order. Placing in such a 
way, (and the principle by which numerous roots can 
be obtained from them,) is called Bhavana (Principle 
of Composition). II 71 II 


3.3.1: Samåsa-bhåvanå (Addition Lemma or Additive 
Composition) : 


Tae SAAS (HM: diqfquaques i 
agad: wefdedr RANA SAT neu 


Aefa: au: va... 


“The sum of the two cross-products of the two lesser 
and the two greater roots happens to be a lesser root. 
Multiply the product of the two lesser roots by the 
prakrti . (The product so obtained), added to the 
product of two greater roots, is a greater root. (In that 
equation), the product of two interpolators is the 
interpolator.” 


5. CEG) .Br.Sp.Si. xviii.64-65. ; (ii).BBi. R. u 9?1177-78 II 


(iii). SiTVi. Xiii.210-214. HHM. II. pp. 147- 148. ; 
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3.32: Antara Bhåvanå (Subtraction Lemma or 
Subtractive Composition) : 


TATA TT ar | 

am aaa: Waited sisarer av: 193i 
qat sus gru: foret: went era: | 

*Alternatively, the difference of the two cross-products 
is a lesser root; and the difference obtained when the 
product of the two lesser roots multiplied by the prakrti 
is subtracted from the product of the two greater roots 
will be a greater root. (Here also), the interpolator is the 
product of the two (previous) interpolators.”* 


Explanation : That is, if x = a, y= B bea solution of 
the equation Nx? + k = y?, and x= a', y= B" bea 
solution of Nx? + k' = y?, then according to the above, 
Step.1. N a B k 
a’ B' k' 
Step.2. (af' + a'B)? + kk’ = (Bp' + Naa")?........ (1) 
Step.3. (af' — a'B)? + kk' = (BB' — Naa')?. ... (2) 
Proof : The proof of Bhåvanå (Principle of 
Composition) has been given by Krsna substantially as 
follows : 
We have 
Ng? + k= p, 
Na" + k' = p”. 





6 Cf (i) .Br.Sp.Si. xviii.64-65. ; (ii).BBi. R. i 93 1 77-78 1 
(iii). SiTVi. Xiii.210-214. HHM. II. pp. 147- 148. 
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Multiplying the first equation by ^, we get 
Na?" + kp’? = p?p”. 
Now, substituting the value of the factor f^ of the 
interpolator (k) from the second equation, we get 
Na?f" + k(Na'? + k') = gg, 
or Na2B'* + Nka’? + kk' = p?p”. 
Again, substituting the value of k from the first equation 
in the second term of the left-hand side expansion, we 
have 
Na?B'? + Na”? (B? — Na?) + kk' = RR”, 
or N(a2B’? + a'?p?) + kk' = BR? + N2a?a". 
Adding + 2Napa'B' to both sides, we get 
N(af' + a'B)? + kk’ = (BB' + Naa')?. 
Brahmagupta’s Corollary follows at once from the 
above by putting a’ = a, B'= B andk = k’. 
Krsna has observed that when it is desired to derive 


roots of a Square-nature, larger in value, one should have 
recourse to the Addition Lemma 


GAGA) and for smaller roots one should use the 
Subtraction Lemma (Teatet aed Seil fara Omar). 
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3.4 : Brahmagupta's Lemma-Il *: 

*On dividing the two roots (of a Square-nature) by the 
square-root of its additive or subtractive, the roots for the 
interpolator unity (will be found).”* 


That is to say, if x = a, y= B bea solution of the 
equation 
Nx? + k? = y*, 


then x = - , y= E is a solution of the equation 
Nx? + 1= y?. 
This rule has been restated in a different way thus : 


“ If the interpolator is that divided by a square then the 
roots will be those multiplied by its square root.” 


That is, suppose the Square-nature to be 
Nx? + p?d= y?, 
so that its interpolator p?d is exactly divisible by the 
square p°. Then, putting therein u = s , v= z we 
derive the equation 
Nu? t d= v?, 

whose interpolator is equal to that of the original Square- 
nature divided by p?. It is clear that the roots of the 
original equation are p times those of the derived 
equation. 


7 


HHM. II. p. 150-151. 
* — yaang "Wet vata EU d 65 I — [Br.Sp.Si. xviii. 65(ii)] 
9 fest at qereqfün aar yet geo! -[Br.Sp.Si. xviii. 70(ii)] 
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Brahmagupta's Lemma-II has been described by Narayana 
thus : 


3.5: Rule for Solution of Nx? + pk = y?or Nx? + (k/p?) = y? : 


SAt: gu: au: ud aent nov 
qA ar Ae fn Yet aar Aaa: | 


"(If) the interpolator (of a Square-nature) divided or 
multiplied by the square of an optional number, be the 
interpolator (of another Square-nature), (then) the two 
roots (of the former) divided or multiplied, (as the case 
may be) by that optional number, are the roots (of the 
other Square-nature)."'? n 74 -75(i) n 


That is, in general, we have, if x = a, y= D bea 
solution of the equation 
Nx? + k= y^, 
then, x = a/m, y= B/m isa solution of the equation 


Nx? + k/m? = 9 
and x = na, y = nf isa solution of the equation 
Nt n?k= y?, 
where m , n are arbitrary rational numbers. 

This rule has been stated in slightly different words by 
Narayana (1356) (cf. NBi, I, R.74-74'^; GK. x. 5b-6a.) and 
Kamalakara (1658) (SiTVi, Xiii. 215) . 

Jfiånaråja (1503) simply observes : 

“If the interpolator (of a square-nature) be divided by 
the square of an optional number then its root will be 
divided by that optional number." 


10 


BBi. R.I9RI 79 Il ; GK, X, R. 5(ii)-6(i); HHM. Il. p. 151. 
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Brahmagupta’s Lemmas were rediscovered and 
recognised as important by Euler in 1764 and by Lagrange 
in 1768. 


3.6 : Solution of Nx? + 1 = y? 


It was recognised that the most fundamental equation 
of the Square-nature, that is of the class Nx? + c = y? is 
Nx? + 1= y2, 
where N is a non-square integer. 


Due to a mistake on the part of Euler, this equation : 
Nx? + 1= y?, was given the name Pell's equation. Pell 
just referred to this problem in a book on algebra that he 
wrote. The equation was nearly solved by Brahmagupta 
(628), and was improved first by Jayadeva (c.1000) and 
next by Bhaskara II (1150), and it 1s therefore fitting that 
this equation be called the Brahmagupta- Bhaskara 
equation.'' 

The complete theory underlying the solution was 
expounded by Lagrange in 1767, and rests on the theory 
of continued fractions. 


3 Srinivasiengar C.N. : The History of Ancient Indian Mathematics 


world press, Calcutta, 1967. p. 110. 
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3.6.1 : General solution of the Square-Nature : 


It is clear from Brahmagupta's Lemma-I that when 

two solutions of the Square-nature, 
Nx? + 1= y?, 
are known, any number of other solution can be found. 
For, if two solutions be (a, b) and (a', b'), then two 
other solutions will be 
x= ab't a'b, y= bb'+ Nada. 

Again, composing this solution with the previous ones, we 
shall get other solutions. Further, it follows from 
Brahmagupta’s Corollary that if (a, b) be a solution of 
the equation, another solution of it is (2ab, b? + Na?). 
Hence, in order to obtain a set of solutions of the Square- 
nature it is necessary to obtain only one solution of it. For 
after having obtained that, an infinite number of other 
solutions can be found by the repeated application of the 
Principle of Composition. 


3.6.2 : Rational solution (Tentative Method) : 


In order to obtain a first solution of Nx? + 1 = y? the 
Hindus generally suggest the following tentative method : 
Take an arbitray small rational number a, such that its 
square multiplied by the gunaka N and increased or 
diminished by a suitable chosen rational number k will be 
an exact square. In other words, we shall have to obtain 
empirically a relation of the form 

Na? + k= B, 
where a, P, k are rational numbers. This relation is 
usually called as the ‘Auxiliary Equation’. Then by 
Brahmagupta’s Corollary, we get from it the relation 
N(2af)? + k? = (8? + Na?)?, 
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2 2 242 
ör n (=£) +1= (E227). 
k k 
Hence, one rational solution of the equation Nx? + 1 = 
Da me 2 ?* Na? 
y?isgivenby x = zm, = EL. 


3.6.3 : Sritpati's Rational Solution (Direct Method): 


Sripati (1039) has shown how a rational solution of the 
Square-nature can be obtained more easily and directly 
without the intervention of an auxiliary equation. He says : 


"Unity is the lesser root. Its square multiplied by the 
prakrti 1s increased or decreased by the prakrti combined 
with an (optional) number whose square-root will be the 
greater root. From them will be obtained two roots by the 
principle of Composition.” 


If m? be a rational number optionally chosen, we have 
the identity — N: 1? + (m? — N) = m?, 

or N «1? —(N—m?) = må. 
Then, applying Brahmagupta's corollary to either, we get 














N(2m)? + (m? ~N)? = (m? + N)?; 
2m M? m?4 NX? 
NR) TL (=) i 
H em 2m _ m?«N 
Des ^om?-N' y= m2~N 


where m is any rational number, is a solution of the 


equation Nx? + 1 = y?. 





2 wd adia:cenes att ad uer fad av | 
farang wer Ferd dq AMA US MATA AF di 
[Si.Se.xiv.33.] 
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The above solution has been given by Nåråyana as 
follows: 


3.7 : Sritpati's Rational Solution in Narayana's words : 


svafiquastated aes Rayer safes noun 
oes FE IG aah BIA TATRA | 


“Twice an optional number, divided by the difference 
between the square of that optional number and the 
prakrti, happens to be the lesser root (of a Square- 
nature when unity is the additive). From that with unity 
as the additive, the greater root should be obtained.” 
75(11)-76(1) II 


That is, If m bean optional number, it is stated that 





7 is a lesser root of Nx? + 1= y?. 
m^-N 


Then , substituting that value of x in the equation, we get 
2 
y?=N ( it ) +1 








m2~N 
7 [p 
~ \m2~n 
m?+N 
Hence the greater root is y = 7. 
m*~N 


The same solution will be obtained by assuming 


y-mx-1. 
That is, Nx? + 1-2 m?x?—2mx* 1 
Or (N —m?)x? + 2mx = 0 


Cf. (i). BBi. R.I'9 311 80-81; (ii).GK.. X. 6(ii)-7(i). ; 
(iii). SiTVi., Xiii.216. HHM. II. p.154. 
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Krsna points out that it can also be found thus : 
4Nm? = (m? + N)? — (m? —N)?, identically. 


4Nm? + (m? ~N)? = (m? + Ny?, 
2 


2 2 
2 +N 
o s MÆ) +1= (222). 
m2~N m?-N 
This rational solution of the Square-nature is due to 


Sripati (1039). It was rediscovered in Europe by 
Brouncker(1657). 





Infinite solutions : 


3.8: Rule to find Infinite number of solutions : 


Tagana MITA 19 


“By the Principle of Composition of equal as well as 
unequal sets of roots, (will be obtained) an infinite 
number of roots." n 76(ii) ti 


Datta and Singh pointed out that, 'the modern 
historians of mathematics are incorrect in stating that 
Fermat (1657) was the first to assert that the equation 
Nx? + 1 = y?, where N is a non-square integer, has an 
unlimited number of solutions in integers. The existence 
of an infinite number of integral solutions was clearly 
mentioned by Hindu algebraists long before Fermat.’ 





14 Cf. BBi. R. 1030 811 ; Cf. GK. x. 6b -7a. 
HHM. II. p.150. (Also see f.n. 2). 
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Sq - 


wed WEZ pt: EUT Caterer Te HT TAT I 
Terese ae ar phe: ar artet fafast 13 01 


Ex. 37 : O friend, tell me quickly (the number) whose 
square (when multiplied by 8 and then added to 1 
yields a square-root, or thinking well (tell the number) 
whose square if multiplied by 11 (and then) added to 1 
becomes square."? Il 37 II 


Statement (Nyasa ) : Solve (i). 8x?« 1= y?, 

(ii). 11x?4 1- y?. 
Solution : 
Case (i). Here the equation is 8x? + 1 = y? ..(1) 


Let the lesser root (=l) be 1. Then the greater root (= g) 
for the interpolator (= i) will be 3. 
Now the statement for the composition as stated in verse 71 is, 


N l g i 
N=8 1 3 1 
1 3 1 


By the principle of Additive-Composition (of equals) 
stated in verse 72-73(i) : 
N= 8, l= (2-1-3); g= 8-124 des i2 1:1 

= 1 


= 6 = 17 
Statemen for the composition for the next case 
N=8 1 3 1 
6 17 1 


Bythe principle of Additive-Composition (of unequals) 
N=8,1= (1:174 3:6);g = (8:1:6* 3-17) i2 1:1 
- 35 - 99 -1 





* HHMM. II. pp.155-157. 
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Again statement for composition for the next case will be 
N-8 1 3 1 
35 99 1 
Bythe principle of Additive-Composition (of unequals) 
N=8 ; l= (1:994 3-35) = 204; g= (8:1:35 4 3-99) = 577; 
and so on. "Thus an infinite number of roots" may be 
found. 

Alternatively, take the equation 8x?* 4- y? . 
Here, l= 2, g= 6 when k= 4. Now by rule stated in 
verses 74(ii)-75(i) we get , l= 1,g = 3 when k= 1 as 
the solution of 8x? + 1 = y?. 


Now, again an infinite number of solutions of the 
equation 8x? + 1 = y? can be obtained by the Principle of 
Composition of Equalas as well as Unequals. 

Again according to Sritpati's Rational Solution stated in 
verses 75(ii)-76(i) , if the optional number (=m)=3, then 




















2m 2x 3 m2+N —32+8 
x (=) imn 6,y- Vm T EE 17 for k=1. 
2 
2x5 10 548 33 - 
Ifm=5,x = Beg NS a for k = 1. 
Now from these two solutions, by Additive Composition, 
we get, N=8 6 17 1 
10 33 
— — 1 
17 17 
l= 6:233,.,47.292 3992 8.6.12, 47. 33 2 LA fork=1 
17 17 17 17 17 17 


By Subtractive Composition, we get, 
10 28 8 


= Z, g=17-2—8-6-2= Å fork. 
17 17 17 17 17 


l= 6:337. 
17 
Case (ii). 11x? + 1= y?. 
Consider the equation 11x? — 2 = y?. 


Wehave, N = 11 l= 1, g= 3, whenk = —2. 
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Now the statement for the composition as stated in verse 71 is, 


N l g i 
N=11 1 3 -2 
1 3 -2 


By the principle of Additive-Composition (of equals) 
stated in verse 72-73(i) : 
N = 11, l= (2:1:3)= 6; g= 11:1?+ 3* = 205 
for i= —2:—2= 4 

Now by rule stated in verses 74(ii)-75(i) we get , 


2--23,g- 20 - 10 when k = 1 as the solution of 


2 
11x? + e 

Again, by the principle of Additive-Composition (of equals) 
stated in verse 72-73(i) : 


N=11 3 10 1 


3 10 1 
N= 11, l= (2:3-10) = 60; g = 11: 3? + 10? = 199; for 
i- 1:1- 1. 


Alternatively, take the equation 11x? + 25 = y?. 
We have, N = 11, l= 8, g= 27 fork = 25. 
Now by rule stated in verses 74(ii)-75(i) we get , 
l= + g- =, fork = 1. 
Also, by rule stated in verses 74(ii)-75(i) we get , 
l= 3, g= 10 fork = 1. 


From the Additive Composition, we now get 


N=11 3 10 1 
8 27 
= e 1 
5 5 
80 81 161 270 11 8 3 534 
|l2—4-—-2—g-2-—«4—x-2x-z——i;i-s1x1 
5 5 1 5 1 5 
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and again "an infinite number of roots" may be obtained . Also, 
from Subtractive Composition we get 


81 80 1 270 11 8 3 6 2 
l=—-—=-; g= — X =x = å i= 1x1= 1. 
5 5 5 5 1 5 1 5 





and again "an infinite number of solutions" can be obtained. 
Again according to Sritpati's Rational Solution stated in 
verses 75(ii)-76(i) , if the optional number (=m)=3, then 




















2 2 
x= (4) = BS= 3 y= Bits 5 = 10 forki. 
2 
fm = 5x: 2%= y= =P tor k= 1. 
Now from these two solutions, by Additive Composition, 
we get, N=8 3 10 1 
>o Ro; 


l= 3-Ż+ 309.22 2 g= 19.24 11.3. 2 - 29 fork=1 
7 7 7 7 7 7 


By Subtractive Composition, we get, 


1=3-24+10-2=%g=10-2—11+3-2= Ē k=1. and soon. 
7 7 7 7 7 


7 
sfå aus: 
3.9 : Solution of Nx?« 1- y? in positive integers : 


The aim of the Hindus was to obtain solutions of the 
Square-nature in positive integers ; so its first solution must be 
integral. But neither the tentative method of Brahmagupta nor 
that of Sripati is of much help in this direction, for they do not 
always yield the desired result. These authors, however, 
discovered that if the interpolator of the auxiliary equation in 
the tentative method be +1, +2 or +4, an integral solution of 
the equation Nx? + 1 = y? can always be found (BrSpSi. xviii. 
67-68; SiSe. xiv-32). 


UKA 


N 


CYCLIC METHOD 


The most fundamental step in Brahamagupta's method 
for the general solution in positive integers of the equation 
Nx? + 1= y? 
where N is a non-square integer, is to form an auxiliary 

equation of the kind 

Na? + k= b?, 

where a, b are positive integers and k = +1, +20r x 4. 
For, from that auxiliary equation, by the Principle of 
Composition , applied repeatedly whenever necessary, one 
can derive, one positive integral solution of the original 
Square-nature. And thence, again by means of the same 
principle, an infinite number of other solutions in integers 
can be obtained. 


How to form an auxiliary equation of this type 
(Le.with k= +1, +20r * 4) was a problem which 
could not be solved completely and satisfactorily by 
Brahmagupta. 


But, first Jayadeva' and next Bhāskara II succeeded in 
evolving a very simple and elegant method by means of 
which one can derive an auxiliary equation having the 
required interpolator +1, +2, or + 4, simultaneously 
with its two integral roots, from another auxiliary equation 
empirically formed with any simple integral value of the 


! . KS. Shukla: * Acárya Jayadeva, The Mathematician’ Ganita, 


5(1).June 1954, pp1-20. 
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interpolator, positive or negative. This method is called by 
the technical name Cakravala or the “Cyclic Method.” 


The purpose of the Cyclic Method has been defined by 
Bhaskara II thus [cf.verse 86(1)] : 


agaga NA var: uu | 


By this method, there will appear two integral roots 
corresponding to an equation with +1,+20r + 4 as 
interpolator. 


3.10 : Bhaskara's Lemma ?: 


The Cyclic Method of Bhaskara II is based upon the 
following Lemma : 

If Na? + k= b?, 
where a, b, k are integers, k being positive or negative, 
then, 





N (suy å m?-N i (eene) 
k k k i 
where m is an arbitrary whole number. 
The rationale of this Lemma is simple : 
We have 
Na? + k= b?, 
and N : 1? + (m? — N) = må, identically. 
Then by Brahmagupta's Lemma, we get 
N(am * b)? + k(m? — N) = (bm + Na)?. 


am+b\* — m?2-N bm4Na V? 
N(——]-* 2[——|. 
k k k 








? HHM. II. p. 162. 
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TA ada 


N 


3.11 : Cyclic Method (Cakravåla) of Nåråyana : 
Tas: atter Rart PUAN GJETT - 


SABA ASAT Ge I 
Heal YO wem qug Handy THAT de! 


upija ar fasted stad g TÈN | 
av auge aot qurastfasifet TT noe 
før: ahisyet afasnanet faget wi 
qatequaudfüriatqa stat FIST NOR 


tannrAsdTfrageffaqe i: | 
Rag: Aaa Auatard WAT HA UG ol 


“Making the lesser root, greater root and interpolator 
(of a square-nature) the dividend, addend and divisor 
(respectively of a pulveriser), the (indeterminate) 
multiplier of it should be determined in the way described 
before. The prakrti being subtracted from the square of 
that or the square of the multiplier being subtracted from 
the prakrti, the remainder divided by the (original) 
interpolator is the interpolator (of a new Square-nature); 
and it will be reversed in sign in case of subtraction of the 
square of the multiplier. The quotient (corresponding to 
that value of the multiplier) is the lesser root (of the new 
Square-nature) ; and that multiplied by the multiplier and 
diminished by the product of the previous lesser root and 
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(new) interpolator will be its greater root. By doing so 
repeatedly will be obtained two integral roots 
corresponding to the interpolator +1, £20r +4 . In 
order to derive integral roots for the additive unity from 
those answering to the interpolator +2 or + 4, the 
Principle of Composition (should be adopted). 77-80 il 


Explanation: To solve, Nx?* 12 y?, ....... (1) 
first of all an auxiliary equation Na? + k = b? ...(2) 
is formed , in which a, b, k are simple integers, 
relatively prime, k being positive or negative and N is 


known from (1). 


. am+b : . 
Now a pulveriser, „ 5an integer = p , Is 





formed and general value of indeterminate multiplier m 
is obtained from it. A suitable value of m = (m, orn) 
[preferably, though not necessarily, that value which 
makes |m? — N| least] is taken and another auxiliary 
equation Na? + ky = b^ — seus (3) 

is formed such that 


2. 
aq = tes) kj = aar 2 and b, = (am, — kya). 





Now the process is repeated with (3) in place of (2) 
and a similar auxiliary equation Na}? + k, = b,” is 
obtained. Repetition of the process, again and again, 
leads to an auxiliary equation in which the interpolator is 
+1, +2, or + 4 which gives the solution of equation (1) 
by the use of the Principle of Composition. 


> Cf. G).BBi..R.11941183-8611.(ii)G.K.Ch.X.R.8-11; HHM. Il.p. 162-166. 
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Rationale : 


(1). Narayana's Lemma : The Cyclic Method of Narayana 
is based upon the following Lemma : If Na? + k = b? 
where a, b, k are simple integers, relatively prime, k 
being positive or negative, then 





Na? + ky 2b eseeeeeees (3) 
where, a = (enm) ee os ss (4) 
EE (5) 
b; = (qn — CR eere s (6) 
and n a suitable integral value of indeterminate multiplier. 
We have, 


Na? + k = b?. Also N:1?* (n? —N) = n?, identically. 
Now by the application of Additive Composition to the two 


relations, we get 
a b k 
1 n (n? — N) 


N(an + b)? + k(n? — N) = (Na+ bn)? 
or [dividing by k?] 


py (Enemy , (OPM) -. (perm... 


k k 
ROT . (Na+bn) 
Now, substituting in the expression = the value of b 


obtained from (4), weget 
(Na+bn) | Nac(a,k-an)n 
k k 


n?-N 
= ayn—|——]a 
k 
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: n?-N 
= (an kja), since, from (5) —— = ki 
= bi since , from (6) (a4n — kja) = b, 


Therefore, from (7) we get (3) due to (4),(5), and (6). 


(2). k4, by, are integral if a4 is integral. 


From Na4? + kj = bi? it is clear that b, will be 
integral if k, is also so, as N and a, are integral. 
From above, we have, 








b 2- 
a n= 1n 7 (* "ja = (ain — kya) = bi, 
2 
or an-(Ja= bi 
or k(a,n — b,) = a(n? — N) 
E Un = (n2 = N) 


Therefore, k(a,n — b,) is an integer. 
Now, k and a have no common factor, so a must 
divide a4n — bi. 


a4n-b n2—N 
pum ( : Ji kj, aninteger.* 
a 





(3). Recursive Character : 


The Cakravåla process of solving Nx? * 1-7 y?, 
has intimate relation with the continued fractions. 
Several authors such as , Ayyangar, A.A.K. and Majumdar, 





^. HHM, II, pp.165-166. 
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P.K? etc. have treated the topic. Selenius, C.° and 
Paramanand Singh,” have explained the process 
(including its recursive character), the former with the 
help of semi-regular continued fraction and the latter 
with the help of regular continued fraction. Since we will 
need it again in explaining the next rule, let us define it 
here and state some of the results associated with it. 

Let an, bn, and 7, be defined by the relations, 


VN+bn VN- b, 44 Tni 
— em ub + ——— = n 4 
Tn Tn VN+bn+1 
for values n = 1,2,3, ...... ; an Where a, is an 
VN +bn 





integer such that, an, < € An+1 5 
Tn 


bn+1 = An — bn and mra N = (bps)? 
leading to 
1 1 1 1 1 1 
VN = a + — ——..... 


az + ag + A+ det 2a,* a+ 





so that the number of elements in the reccurring cycle is c. 


^. (i). Majumdar, P. K. : Ganita Kaumudi and the continued fraction, 
IJHS, Vol. 13, No. 1, (1978), 1-5 
(ii). Majumdar, P. K. : indeterminate Quadratic Equation in Indian 
and Central Asian Context, /nteraction between India and 
Central Asian Science and Technology in Medieval Times, Vol, I, 
271-277. 

. C.Selenius, : Rationale of the Cakravala process of Jayadeva and 
Bhaskara II, Historia Mathematica, II (1975), 167-184. 

. Singh, Paramanand : Varga-Prakrti the Cakravala Method of of 
its Solution and Regular Continued Fractionss, /JHS, Vol.19. 
No.1, 1983, 9. 

. Barnard ,S. and Child, J. M. : Higher Algebra, Macmillan and Col. 
Ltd., London, 1952, 530-531. 


M 


oo 
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Let - be rth convergent for the continued fraction. 

The whole process of Cakravåla has been explained 
with the help of regular continued fraction. It has been 
shown that all quantities in the Cakravala process have 
simple counter parts in the regular continued fraction 
expansion of VN . Thus n, is the interpolator, qn, the 
lesser root and p,, the greater root. Moreover, not only 
the recursive character of the Cakravala process has been 
proved which at once establishes that the process will 
always lead to the solution of (1), but Principle of 
Composition and Brahmagupta's another Lemma have 
also been explained in that light. 


4. Principle of Composition : 


Though the Cakravåla process always leads to the 
solution of Nice soie. (1) 
due to its recursive character, the use of the Principle of 
Composition at a stage when any one out of — 1, +2, +4 
is obtained as an interpolator, brilliantly shortens the 
process. 


(i). If k= —4, use of Brahmagupta’s Corallary (i.e., 
Tulya Bhavana) will immediately lead to a relation with 4 
as additive, as the use of the corollary make lesser root 
(and the greater root as well) divisible by 4. 





? | Ref. 7, 1-17. 
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(ii). If k= 4 and the roots are even, use of of 
Brahmagupta's Corallary (i.e, Tulya Bhavana) will 
immediately lead to a solution of (1) as it will make lesser 
root (and the greater root as well) divisible by the 
interpolator 16. 


(iii). If k 2 4 and the roots are odd : 
Let the relation be Na? + 4-2 b? ........ (2) 
By Brahmagupta’s Corallary (i.e., Tulya Bhavana), we get 
N(2ab)? + 4:4= (b? + Na?)? 
= {b? + (b? —4))? due to (2) 
= QU? —2)P 
or N(ab)? + 42 (D? —2)? ............ (3) 
By the Composition of (2) and (3), we have 


N a b 4 
ab b?—2 4 


Nía(b? — 2) + ab? + 4:4- (Na?b + b(b? — 2))? 
N(ab? + ab? — 2a}? + 4:4 = ((b? — 4)b + b(b? — 2)? 
N(2a(b? — 1)? + 4:4 = (b?b — 4b + b?b —2bY? 
= {2b*b — 6b}? 
= {2b(b? — 3) P. 


This gives the solution of (1); as a and b both are 
odd, and so both the sides are divisible by 16. 
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(iv). If k= +2 Brahmagupta’s Corallary (i.e., Tulya 
Bhavana) will immediately lead to the solution of (1) due 
to the interpolator will now become 1 


(v) If k= —1 Brahmagupta’s Corallary (i.e., Tulya 
Bhavana) will lead to the solution of (1). 


Earliest treatment of Cakravala method for the 
0 


solution of Varga-Prakrti © is by Acarya Jayadeva (early 
11" century A.D.). The treatment is found in the form of 
quotations from his work in the Sundari commentary 
(1073 A.D.) by Udayadivakara on the Laghu-Bhåskartya 
of Bhaskara |. According to C.Selenius, Cakravala method 
is considered tobe the absolute climax of the old Indian 
mathematics and so of all Oriental mathematics. This 
method anticipated the European methods more than 
thousand years. No European performances in the whole 
field of algebra at a time much later than Bhaskara’s, nay 
upto our time, equalled the marvellous complexity and 
ingenuity of Cakravåla." 





10 Shukla. K.S. : Acarya Jayadeva, the mathematician, Ganita, 
Vol.5No.1 June 1954. 1-20. 
11 See Ref. 6 
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Sqeum - 
PTR Wasa ata at: 
da: pagarà aars d Å | 
al ar faafstaard eqeg aut 
"susp: fatalt watt ws i32 


Ex.38: "Tell me quickly that (number) which (when) 
multiplied by 103, (the product) added to 1, becomes a 
square, or tell (the number) which (when) multiplied 
by 97, the product added to 1, becomes a 
square.” “1138 


Statement (Nyasa ) : (i). 103x? + 1= y?, 
(ii). 97x2? + 1- y?. 
Solution : Case (i). 103x? + 1= y? 
Let the auxiliary equation be 103(1)* — 3 = (10)?. 
Here, the lesser root (= a) = 1, 
the interpolator (= k) = —3, 
and the greater root (= b) = 10. 
So, according to the Lemma stated in verse 77, 























2 2 2 
m+10 m?-103 10m+103 
103 ( Ll) ES" = ( -3 js 
: _ 1m+10 : 
the pulveriser formed is E = aninteger = s 
a ae ae 0 [0x 10+0=0 
" 10 10 
0 3 
10= 3x3+1 





? HHM II, pp.168-171 
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The general solution of the pulveriser is 

m = (3—1) + (—3t). t being any integer. 

Taking t = —3 , we have, m = 11. 

Now, by the rule (Lemma stated in verses 77-79), 

the next auxiliary equation formed will be 
103a,? + kj = b? 


(nse) = (8) = - 


kj = Co) z (9) -6 


-3 -3 





where, a, 


and b, = (am — k4a) = (-7 x 11— (—6)) = —71. 

So, the next auxiliary equation formed will be 
103(-7)? + (—6) = (-71)? 

Now according to Narayana : 


moet adf fraa 9 faste: 
"For further working there is no difference between 
negative and positive toots". So taking the roots as 
positive, the auxiliary equation becomes : 
103(7)? - 6 = (71). 
Again by the Lemma, 





























103 (22) , 103 > (nen 
-6 -6 -6 
The next pulveriser will be m - aninteger 
6l) wu 1 1x 71+ 0= 71 
71 71 
0 z 
































712 6x 1145; 6-5=1, 
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Its solution is: n » —6t * 1, wheret isany integer. 
Taking t = —1,weget n= 7. 
Now the auxiliary equation, 103a;? + k, = b,” will be 
103- (20)? + 9 = (203)?, 
as az = ==) = (==) = —20 


—6 —6 


n?—103 72-103 
ls - (5 )- CS )=9 
and b; = (azn — k;a4) = (-20x 7 — (9x —7)) = —203. 


Next, we have 
2 2 2 
20p+203 -103 203p+103-20 
103 (PE) + EA. eee 








9 9 


20p+203 


The next pulveriser is = an integral number 














g ) 2 0 ( 
1 8 
2 ) 9 ( 4 
8 
1 
2 2 | 2x 812 + 203 = 1827 
4 | 4x 203 + 0= 812 812 
203 203 : 
0 å å 

















812 = 90x 9+ 2; 
-. General Solution of the pulveriser is 
D-2-*9t; t being any integer. 


Taking t = 1, we get p = 11. On taking this value we find 
103- (47)? + 2 = (477y?, 
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Applying the Principle of Composition of Equals, we get 


103(2:47: 477)? + 2? = (477? + 103: 47?)?, 
or 103-(44838)? + 4 = (455056)?. 
Hence 103 - (22419)? + 1 = (227528). 
This gives x - 22419, y - 227528 asa solution of (i). 


Case (ii). 97x? + 1- y?. 


Let the auxiliary equation be 97-1? + 3 = 102, 
Here, the lesser root (= a) = 1, 
the interpolator (= k) = 3, 
and the greater root (= b) = 10. 
So, according to the Lemma stated in verse 77, 


2 2 2 
m+10 m^-—97 10m+97 
97 i KE (mm) j 
3 3 3 





i . m-10 y 
The pulveriser formed is acm an integer, 























3) 1(0 0x 1-4 10= 10 

0 10 10 

1 0 - 
10= 3x 3+ 1. 


The general solution of the pulveriser is 

m= (3—1) + (3t), t being any integer. 

Taking t = 3, we have, m = 11. 

Now, by the rule (Lemma stated in verses 77-79), 

the next auxiliary equation formed will be 
10342 + kj = b? 
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m+10 11410 
where, a, = ENE) 7 


aee (2-0 


and bı = (arm — kya) = (7 x 11— (8: 1)) - 69. 
So, the next auxiliary equation formed will be 

97 - (7)? + (8) = (69)?. 
Again by the Lemma, 


2 2 2 
7n+69 n*—97 69n+97:7 
97. (28) , 2. (my. 
8 8 8 






































The next pulveriser will be mte = an integer 
8 )7(0 0 Jo 0x 69+ 69 = 69 
0 1 |1x 69+ 0 - 69|69 
PP Bor 69 | 69 - 
7 0 l- 2 
: 69- 8x 8+ 5. 


Its solution is: n= 8t * 5, wheret is any integer. 

Taking t= 1,weget n= 13. 

Now the auxiliary equation, 103a5? + k, = b,” will be 
97 - (20)? + 9 = (197)?, 


tae (St) = (es 


and b; = (azn — k;a,) = (20x 13 — (9 x 7)) = 197. 
Next, we have 


2 2 2 
20p+197 —97 197p497-20 
97 ( ) uis 9 ` ( E ) j 
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20p +197 


The next pulveriser is - anintegral number 





























9) 20 2 
is 2 2 | 2x 788 + 197 = 1773 
ae 4 | 4x 197+ 0= 788 788 
2)9(4 [197 197 E 

8 0 3 i 
1 


778= 87x9+5 
The general solutin of the pulveriser is : 
p= 9t+ 5, where t is any integer. 
Taking t = 1, we get p = 14. 

We have noted earlier that in taking the value of the 
multiplier p, Narayana does not expressly state that p 
should be so chosen as will make |p? — N| the least. 
Here, we note that p = 5 will make |5? — 97] , the least 
and not |14? — 97|, but Narayana has taken p = 14 and 
notp = 5. 

On taking p= 14 we find 
97-(53)? + 11 = (522)?. 



































Whence 
2 2 2 
53q+522 -97 522q+97:53 
97 (EER) y or. (BABY, 
11 11 11 
. . 53q+522 ; 
The next pulveriser is ———— = an integer. 
11)53(4 
44 4 4 4|12528 
'9)11(1 1 1|2088« 522- 2610|2610 
9 4|4x 522 - 2088 2088 
2)9(4 922 522 : 
8 0 - - 
1 


2610=237x 11+ 3 


Vargaprakrti (Cyclic Method) 175 


Its general solution is = (11 — 3) + 11t, t is any integer. 


Taking t = 0, we have q = 8. Now, the next auxiliary 
equation will be, 97-(86)? — 3 = (847)?. 


Next we find 


86r+847\2 2-97 8471+97:53N 2 
Sv EE, 














-3 —3 -3 
3) 86 ( 28 28 28 | 28x 847 + 847= 24563 
84 1 | 1x847 + 0- 847 847 
2)3(1 847 847 : 
2 0 ] z 
1 

















847 = 282 x 341 
Solution of the pulveriser is r= —3t + 1,t is any integer. 
Taking t = —3,we obtain r = 10. With this value of r, 
the next auxiliary equation will be, 
97 (569)? — 1 = (5604)?. 
Applying the Principle of Composition of Equals, we get 


97:(2-569:5604)? + 1 = (56042 + 97-5692)? , 
or X 97-(6377352)? + 1 = (62809633)?. 


Thus x = 6377352, y = 62809633 is a solution of 
97x? + 1= y?. 
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Solution of varga- prakrti of the form: Nx? — k? = y? : 
mmu - 


maA waft: pitatt: cart dq fef q aa I 
efferre dt mag eme qerseqenried UG AU 


3.12 : Rule for solution of varga- prakrti, when unity is 
the subtractive, and the solution of the problem is not 


to be impossible : 


“In the case of unity as the subtractive, the multiplier 
must be the sum of two squares. Otherwise, the solution 
is impossible. If the multiplier be such that the solution 
is possible, the greater and the lesser roots should be 
obtained by the method stated earlier" n 81 

Thus it has been said that a rational solution of 


Nx? —1= yè, 
and consequently of 
Nx? — k? = y? 
is not possible unless N is the sum of two squares. 


For, if x = E , y= i be a possible solution of 


the equation, we have 


2 2 
or N= (£) + E) : 
ps p 
The equation can be solved by Cakravåla method. 
As is clear by the solutions of the examples given by 


Narayana, if N= m? « n?, two rational solutions of 


13 Cf. (i). BBi, R. 10911 88 11; (ii). GK. X. 12. ; HHM. II. pp. 178. 


Vargaprakrti (Cyclic Method) 177 


313 


BLA åå Er Å EEE 
Nx*—1=y will be, x = —,y= — and R= VS 
and so, two rational solutions of , 

Ke fy a DE E ues irs sue E 
Nxt —k^2 y willbex = —,y= and x--,y- ; 
According to Narayana : *qonarerarfürst Hott "n 
That is, “Integral roots (should be obtained) by Cakravåla 
Celic Method).” 


Besides these, Bhåskara II has given several other 
methods for the solution of such equations." 


sag - 
western uut erm: Taye: | 
at att ae fitet Feet aa 11381 


Ex. 39: Tell, which number (when) multiplied by 13, (the 
product) lessened by 1, yields a square or which 
number (when) multiplied by 61, (the product lessened 
by 1 becomes a square."? ii 391 

Statement (Nydsa ) : That is to solve the equations 

(i). 13x? — 1» y?, 
(ii). 61x? — 12 y?. 
Solution : 
Ex. (i). 13x?— 1 = y?, 


Method-1: 
An obvious solution of 13x? — 4 = y? 
is x= 1, y= 3. 


1. BBi. || 77-79|| 88-90 || , HHM, II, p. 178-181. 
75 HHM, II, pp.179-181. also see p.168. 
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Then dividing by 4 (in accordance with rule stated in verse 
74-75(i), we get a solution of 13x? — 1 = y? as G, =), 


2 
Method-2: 


Again, since an obvious solution of 13x? — 9 = y? 
is x= 1, y= 2. 


Then dividing by 9 (in accordance with rule stated in verse 74- 


75(i), we get a solution of 13x? — 1 = y? as (=, 2. 


Method-3: 
From these fractional roots, we may derive integral roots 


by the Cyclic Method. Since 


I aV 
13(5) -1:- (5). 
we have, by Bhaskara’s Lemma, 
am+b\2 — m2 -N bm + Nav? 
N( k ) m" = ( k ) 
where, a = =, b= =, k = —1, N = 13 and m being 


an indeterminate multiplier, 


2 2 
m 3 am TS 
ga 
e ) 
—1 -1 —1 


or 13 (BY å e 


-1 -2 





an integer 


The suitable value of m which will make med = 3 


and |m? — 13| minimum is 3. So that we have 
13.(37) + 4 = 11? 


From this again we get the relation 
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3n+11N?  n?- 13 11n + 13x 342 
13 t = | ——_|] .. 
4 4 4 








The appropriate value of the indeterminate multiplier in this 
case is n = 3. Substituting this value, we have 
13.(57) — 1 = 187. 

Hence an integral solution of our equation 13x? — 1 = y? 
is (5, 18). 
Method-4: In the equation 13x? — 1 = y? 

Since 13 = 27+ 32, ie, m= 2, n= 3, and k= —1; 
then according to the method implied in the solution of 
examples given by Narayana, that is, if N = m? + n? in 


the equation Nx? — k? = y? , then two rational solutions 


of itare: x = E y= kn and x= E EM 
Å TE ae zt Ac 


n the two rational solutions are (5. =) and G, z), 

Ex. (ii). 61x? — 1 = y?. 

Method-1: 

An obvious solution of 61x? — 36 = y? is (x, y) = (1, 5). 
Then according to the rule stated in verses 74-75(1). 


(x, y) = G =) is a solution of 61x? — 1 = ye. 


6 J 
Similarly,again an obvious solution of 61x? — 25 = y? 


is (x, y) = (1, 6). Then according to the rule stated in verses 


74-75(). (x, y) = G, 5) is a solution of 61x? — 1 = y?. 


Method-2: In the equation 61x? — 1 = y? 

Since 61 = 5? + 67, ie, m= 5, n= 6, and k= —1; 
then according to the method implied in the solution of 
examples given by Nārāyaņa, that is, if N = m? + n? in 
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the equation Nx? — k? = y? , then two rational solutions 


fitare: x= * XE nd x=” i 
o e: x= PP T 


. . 1 6 1 5 
- the two rational solutions are (=, $) and É, =), 


Method -3 : Cyclic Methodfor integral roots : 
Here we start with the auxiliary equation 


61:17+ 3= 82 
By Lemma, we have 


(dyn (me? ey 





a m+8 , : 
Now the solution of ES integer, is m= 3t + 1. 


Putting t = 2, we get the value m = 7 
On subtituting this value in (1), it becomes 


2 2 2 
7+8 7*— 61 8.7 +61 
3 3 3 


61.5? — 4 = 39?. 
Dividing out by 4, we get 


ei (B) -1- a SEEN V) 
By the principle of Composition of Equals, we have 
61. (2 E a gus (2) + 61 Oy 
Es (3) 


Combining (2) and (3) , by the Principle of Composition of 
unequals 61(3805)? — 1 = (29718)?. 
^ (x, y) = (3805, 29718) isa solution of 61x? — 1 = y?. 
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sq xw - 
att: usagt: afar welt: dud: HÅ | 
vefisrarserat qe: MPSA AIT vol 
Ex. 40 : “Which (is the number whose) square multiplied 


by 5, (the product) either added to 4, or to 36, or to 
100 happens to be square.” II 40 II 


Statement (Nyasa ) : 

(D.5x^4 4 = y? 

(2) 5x2? + 362 y? 

(3). 5x? + 100 = y? 
Solution : (x, y) = (1, 3) is an obvious solution of (1). 
According to ythe rule stated in verses 74(ii) - 75(i) : 
"If the interpolator of a Square-nature divided or 
multiplied by the square of an optional number, be the 
interpolator of another Square-nature, then the two roots 
of the former divided or multiplied, as the case may be by 
that optional number, are the roots of the other Square- 
nature." 

Considering the optional number as 3, we obtain 
the the solution of equation (2). Therfore multiplying the 
roots of the equation (1) by 3 we get the roots of (2). 
Therfore, (x, y) (1x 32 3, 3x 3 = 9) isa solution of (2). 


Similarly considering the optional number as 5 , we 
obtain the the solution of equation (3). Therfore 
multiplying the roots of the equation (1) by 5 we get the 
roots of (3). Therfore, (x, y) (1x 52 5, 3x 5-2 15) isa 
solution of (3). 
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Solution of varga- prakrti of the form: Mn?x? + k = y?: 


e 


` pRa aer Jakt querer | 
æret qur: HAS Semper «ft ue 


3.13 : Rule for finding the roots , where the prakrti is 
exactly divisible by a square-number : 


“Divide the multiplier (of a Square-nature) by an 
arbitrary square number so that there is left no remainder. 
Take the quotient as the multiplier (of another Square- 
nature). The lesser root (of the reduced equation) divided 
by the square-root of the divisor will be the lesser root (of 
the original equation).”' i 82 II 


That is to say, suppose the equation to be 
Mn?x? + c= yĉ?, ma a.. (1) 
so that the multiplier (i.e., coefficient of x?) is divisible by 
n?. Putting nx = u, we get 
Mu? t c= yÈ. wiesen) 
Then clearly the first root of (1) is equal to the first root of 
(2) divided by n. The corresponding second root will be 
the same for both the equations. 
Sq - 
aeaa Aa ANRT 
Feral watt Hae Aa PW | 
=afaårt qasar FRY 
at: piaga va ARA tvi 


! Cf. (i). BBi. R. GRU 931. ; (ii) GK.Ch.x.R.13.; HHM, II, p. 176. 


Vargaprakrti 183 


Ex. 41 : "O friend, tell me quickly ( the number whose) 
square multiplied by 72, (the product) added to 1 
happens to be a square, or (tell number whose) square 
multiplied by 1/5 (the product) added to 1 happens to 
be square." 1 41 II 


Statement (Nyasa): (i). 72x2+1= y? ; 


(ii). € ) x +1= y? 
Solutin : Case (i). 72x? + 1= y? 
This equation can be written in the following form: 
83744 + qe y? 
Putting 3x = u, the equation reduces to 8u? + 1 - y 
an obvious solution of which is (u, y) = (1,3) 
Then by the rule stated in verse 82, 


(x, y) = (s. 3) is a solution of 72x? + 1 = y? 


2 


Case (ii). G ) x? +1= y? 

This equation can be written in the following form: 
ANE 9 NS. 

5 () x^*t1-y 

Putting zx = v, the equation reduces to 5v? + 1 = y? 

an obvious solution of which is (v, y) = (4, 9) 

Then by the rule stated in verse 82, 


= B ; ; 1,2 32 
(x, y) = (= 20, 9) is a solution of -x^* 1- y 
By repeated application of the Principle of Additive and 
Subtractive Compositions, an infinite number of roots 
may be found. 
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Solution of varga- prakrti of the form: a?x? + k = y? : 
f a N B 


ALe arer faar afestraga afenr à 
STET upa snuaiüseurreTWet d UCI 


3.14 : Rule finding the roots of varga- prakrti when the 
coefficient (prakrti) is a square number : 


“The intepolator divided by an optional number is set 
down at two places ; the quotient is diminished (at one 
place) and increased (at the other) by that optional 
number and then halved. The former is again divided 
by the square-root of the multiplier. (The quotients) are 
respectively the lesser and greater roots." I 83 Il 


That 1s, to find the solution of the equation 
a?x? + c= y? 
Let, m bean arbitrary number, then according to the 
rule stated above 


Sun tc tc 
tepl: — — — 
ep m m 
+ 
Step-2 : l m <+m 
m m 
1 (+ 1 (+ 
Step-3 : ME = m) HE + m) 
2 \m 2\m 
1 ftec 1ftc 
€ kd = —|— — = — + 
PEDEM Å 2a (= m) y 2\m m) 
are the solutions of a?x? + c= y?. 
? Cf (i). Bi. R. liz vll 95 1; (fi). GK. x. R. 14.; HHM. II. p.177. 
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The rationale of the above solution has been given by 
the commentators Süryadasa and Krsna substantially as 
follows : 


+c = y? — a?x? 
(y — ax)(y + ax). 
Assume (y—ax) = m .......... (i) 


m being an arbitrary rational number. 
Then y+ ax = =< scares dus LEE) 


From (i) and (ii) by the rule of concurrence, we get 


amt saga: Må sanert ar We: | 
artet sat wp UNT aa FATT gii 


Ex. 42 : "O mathematician, tell me quickly the number 
whose square, multiplied by 9 the product (either 
increased or diminished by 10, is a square." II 42 II 

Statement (Nyasa): (i). 9x? + 10 = y?, 

(ii). 9x? — 10 - y?. 

Solution : 

Case-1: 9x? + 10 = y? 

Here, a= 3, c= 10, Let m be an optoional number, 


Then in accordance with the rule stated in verse 83, 


CC-0. Kavikulguru Kalidas Sanskrit University Ramtek Collection 


186 Bijaganitavatamsa 


Case 2 : 9x? — 10 = y? 


Here, a= 3, c= —10, Let m be an optional number. 


AG net 


Wen fangtufaarergare - 
radar aprum Sasa av esf | 
Terr wad fast d qd av ART Aq uva 
Ex. 43: "O learned , if you know, tell quickly, the number 
whose square multiplied by 10, (the product) either 


increased or dimnished by 10 , happens to be a 
square." I| 43 I 


Statement (Nyasa): 10x? * 10 = y?, 
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Solution : 
Case : (i). 10x? + 10 = y? 


An obvious solution of the equation, 10x? — 10 = y? is, 
(x, y) = (1, 0). 
An obvious solution of the equation, 10x? — 1 = y? is, 
(x; y) = (1, 3). 
N=10 1 0 -10 
1 3 -1 


By the principle of Composition, 

l= (1:3+ 0-1) = 3; g= (10-1-1+ 0:3) = 10; 

i= (-10x —1) = 10. Therefore, 

(x, y) = (3, 10) isa solution of 10x? + 10 = y?. 

Case : (ii). 10x? — 10 = y? 

When the optional number is taken as (m) = 3, in 
Sritpati's method , solution of 10x? + 1 = y? is 


apr ue. BANS I | m?+N _ 3?410 — 
N-m? 10-2 jo VEGGE 10-9 


19. 


Combinining this with the previous solution, 


N=10 1 0 -10 
6 19 1 
l= (1-19+ 0-6) = 19; g= (10-1-6+ 0-19) = 60; 
i= (-10x 1) = —10. Therefore, 
(x, y) = (19, —10) is a solution of 10x? — 10 = y?. 


By subtractive composition also, the same roots are 
obtained. 
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aft I - 


aiaa: At at: WÍBETHÍSET: | 
Weal sat Å Å ae BA GE * UV YI 


Ex. 44 : "O learned, tell me quickly, whose square 
multiplied by —11, (the product) added to 60, 
happens to be a square.” II 44 II 


Statement (Nydsa): —11x? + 60- y?  ........(1) 


Solution : 

After finding by whatever means the roots for the 
given additive, an infinity of them is afterwards deducible 
by the Princple of composition (Bhavana) with additive 
unity and its corresponding roots, which is stated in the 
next verse. Therefore, we have to find one set of roots of 
the given equation, and that with interpolator unity. 


An obvious solution of (1) is (x, y) = (1, 7). 


Now consider the equation —11x? + 12 = y? .. . (2) 
An obvious solution of (2) is (x, y) = (1, 1). 


Then, by the Principle of Composition, 


N=-11 1 1 12 
1 1 12 
i-1:1*1:1;g- (—11:1-1+ 1-1); i= 12:12 
—- (x, y) (2,—10) is a set of roots of the 
equation, —11x? + 144 = y?. 


? In place of this example, the Ganitakaumudi gives another similar 
example. See Ganitakaumudt Part IL, Ex.8 pp.242-243. 
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So, by the rule stated in verses 7A4(ii)-75(i), A 


rational solution of 11x? + 1 = y?i 


(x, y)=(2=1 m 


S 


B 12 6&6 
Alternatively, by Sritpati’s method a rational 
solution of —11x? + 1 = y? when the optional number 
taken is (m) = 1,is 
2m 2x1 1 m?+N 1-11 -5 


y= = SS y y= = = —, 


m?-N 12-(-11) 6 m2-N 12 6 








"Thus , by virtue of the infinite variety of the optional 
values as well as of the infinitely repeated application of 
the Principle of Additive and Subtractive Compositions, an 
infinite number of roots may be found.”* 


3.15 : Alternative rule for Solution of Nx? + k = y? : 


wem fé - 


way agg (an) fag ar sidan ud AA | 
SUAS AAMAS uev 


“When the additive or subtractive is greater than 
unity, two roots should be determined by one’s own 
intelligence. Then, by combining them with the roots for 
the additive unity, an infinite number of roots can be 
obtained." I 84 II 


^ HHM. II. p. 157. 
^. Cf.G) BBi. R. NE Rll 9211 ; (ii)GK.Ch.x. R.15-16. ; 
(iii). Also see, Br.Sp.Si. xvili-66. HHM, II, p. 174. 
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et A FT: Falt 9 AAA Far | 
TATA Fa VASAT "ratam ue ui 
“Persons having no intelligence, have no knowledge of 


mathematics. They should be told the whole of 
mathematics by one's own intelligence." 


Se UH - 


N 


aed (ud) Preah at: aA: | 
afstat ar gagana: FT IG Å FAT gui 


Ex. 45 : "Tell me that square which being multiplied by 13 
and then increased or diminished by 17 becomes 
capable of yeilding a square-root.” I 45 II 


That is, solve 13x? + 17 = y? 


Solution: Ex. (i) 13x?+ 17 = y? 


Here, the multiplier = 13 and interpolator = 17. 
Now the roots for the interpolator 3 are (1, 4). And for 
the interpolator 51, the roots are (1, 8). For the 
composition of these with the previous roots (1, 4) the 
statement willbe 

N= 13 l=1 g=8 

l=1 g=4 i=3 

(1x4+8x1= 12, 13x1x1+8x4= 45) 
So, by the Addition Lemma, we get the roots correspond- 
ing to the interpolator 153 as (12, 45). 





6 


Cf. GK. X. Ex.9. HHM, II, p. 174-175. 


Vargaprakrti 191 


Then in accordance with the rule stated in verse 74, take 
the optional number to be 3, so that the interpolator may 
be reduced to 17. For 3?= 9 and (153/9) = 17. 
Therefore, dividing the roots just obtained by the optional 


number3, we get the required roots (= = 4, = = 15). 


Applying the Subtraction Lemma 
(8x 1-1x4= 4, 8x 4—13x 1x 1- 19) 
and proceeding similarly we get the roots for the 
interpolator 17 as (4/3, 19/3). 
Ex. (ii) 13x?— 17-2 y? 


Proceeding as before we get (by the Addition Lemma) 


N l g i 
13 4 15 17 
5 18 -1 


x=4x 18+ 5x 15 = 147 
y= 18x 15+ 13x 4x 5= 530; k= 17x —1- —17 
the roots (147, 530). 


And (by the Subtraction Lemma), 


N l g i 

13 4 15 17 
5 18 -1 

x=5x15—4x18=3 


y=18x15—13x4x5= 10; k= 17x -1= —17 
we get the roots (3, 10). 
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APPROXIMATE VALUE OF A QUDRATIC SURD 


Techniques for finding approximate value of a quadratic 
surd were known to Indians! centuries before Christ. 
Baudhåyana gave a rule? which implies, 





The same rule is found in the Sulba Sütras of 
Apastamba and Kātyāyana.? The Berlin Museum Greek 
Papayrus (A.D.2™ cent) contains”, 


z iris ga p LE 
v164= 12+ Zt Roo ders 


The approximation, 


Vae+r=a+— ee 


2a 2{a+(r/2a)} 
is found in the Baksali Manuscript The Jains 
approximated m by v10 . Thus approximate values for 


v 10 have been given in ancient and medieval jaina works 

! Channabasappa, M. N. On the Squaree-Root Formula in the 
Bakhshålt Manuscript, Indian Journal of History of Science (IJHS) 
Vo. 11. (1976) pp.112-124, see p. 113. 


2. want gta ep am aged g AAA |-8.SI. 1-61. 
Cf. Gupta, R.C. : Vedic Mathematics from the Sulba Sütras, 


IndiaJournal of Mathematics Education Vol. No.9 No2, July 
1989, pp.2-9. See p.5. 


Gupta, R. C. : Baudh ayana’s Value of 42, The Mathematics 
Education vol. VI, No. 3, Sept.1972, Sec. B, pp. 77-79, See p.77. 
fn.2. 

. Gupta, R. C. : Square root of 164 in the Berlin Papyrus 11529 . 
Ganita Bhårati Vol. No.2, No. 1-2 (1980) pp29-31, See, p. 77. 


Takao Hyashi : Bakhshåli Manuscript, pp 100, and 430-431. 


Vargaprakrti 193 


such as the Anuyogadvåra Sütra, the Tiloyapannati and 


the Tiloya Sara. The Jains were able to obtain v10 correct 
to 22 decimal places.* 


Several other Methods of approximating quadratic 
surds were prevalent "during ancient and medieval periods 
in cultural areas, as well. 


Sridhara gave a rule, according to which 
- QNA), 
VN ar A , 
where, *N' is the given non-square number, and ‘A’ is an 
optionally assumed big number. 


The same rule has also been given by Sripati?, 
Bhåskara II and Nåråyana." 


. Gupta, R. C. : Circumference Of The Jambudvipa In Jain 
Cosmography, IJHS, Vol. 10, No.1, 1975, pp.38-46. See, p .39. 


Gupta, R. C. : On some ancient and medieval methods of 
Approximating Quadratic Surds, Ganita Bharati Vol. No.7, No. 
1-4 (1985), pp 13-22. 
Påtiganita, Ed. by K.S. Shukla with English transalation, p. 91. v 
R.118. 
Si.Se. XIII-36; 

. L(ASS)- Vs. 140 

. GK. Part, II, p. 33, Ch.IV. R. 30(ii)-31(i). 


10 
11 
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STA (37) FORAY GA - 


"pef Wet AA a RYURYN Ud d I 
TAS SEAT wg FYFRJEATGAT UG EI 


3.16 : Rule (technique) to find the approximate value of 
the square-root of a non-square number : 


“Obtain the roots (of a square-nature) having unity as 
the additive and the number whose square-root is to be 
determined (as the multiplier). Then the greater root 
divided by the lesser root will be the approximate value of 
the square-root."" I 86 1 


That is to say, to find the approximate value of the 
surd VN we shall have to solve the quadratic indeterminate 
equation : 

Nor eye. based (1) 
If x = a, y= b bea solution of this equation, then, 
VN = >, approximately. 

As we know, by the Principle of Composition 
[vs.71-74(i)] we can derive an infinite number of roots of 
(1) and thus can derive an infinite number of approximae 
values of VN. Each application of Brahamagupta's Lemma 
or Additive Composition (Samåsa-bhåvanå) will give to 
VN a value nearer to it. Another intersting aspect of the 
method is that at any stage of approximation, we know the 
upper limit and the lower limit between which the error in 





12 Cf. GK. Ch.X. R.17. [GK, Part II, p. 244] 
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taking the approximate value in place of the exact value, 
lie. 


With the notations of the previous rule [Rationale of 
Recursive Charcter, in Cyclic method], as ew know, text 
books on algebra" show that the error committed in taking 
Pn 


v, å the value of the continued fraction i.e., (VN 
n 


and 





expressed as a continued fraction) is less than ua 
nYnN-—1 


An+2 





greater than 
GnQn+2 


In fact as Graver, R. has shown”, the eroor in taking 


Pn (or es) as the value of VN is greater than 1 
dn dan 2pnqdn 


1 1 1 
or ) but less than —=—= (or ==) 
( 2p2n2n 2qn? VN 2q2n? VN. 
according as c is even (or odd). 








Thus if 2 is taken as an approximate value of VN , 


where x-a, y- b is a solution of the equation, 
Nx? + 1- y? then the error in this approximation" is 


1 1 
greater than TA and less than PEN 





. Barnard, S.and Child, J. M. : Higher Algebra, Macmillan Col. Ltd., 
London, 1952, p. 400. 

. Graver, Raymond : Concerning Two Square Root Methods, 
Bulletin of the Calcutta Mathematical Society, (BCMS), 24(2), 
1932, 99-102. 

. For details, See Singh, Paramanand, Narayana’s Method for 
evaluating quadratic surds and the regular continued fraction 
expansionss of the surds , ME, Vol. XVIII, No.32, 63-65. 
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Narayana finds approximations to V10 and (1/5) 
in the following example, to illustrate his method. 


SqeUW - 


aan «urt USTs aT ac | 
seat safe aat wefdbhsn ise 


Ex. 46 : O friend, if you know the process of varga-prakrti, 
tell the approximate root of 10 or 1/5 ." 146 II 


Solution : Case-1: Consider, 10x? + 1= y? ....... (1) 


In accordance with the rule stated in verse [75(ii)- 
76(i), i.e., Sritpati's Rational Solution ], taking the optional 
number as 3, we find that : 

2m 2x3 m?+N 32+10 

m2~N 3°~10 m2~N 32~10 


alternatively, y= VNx? + 1 = /{10-62+ 1) = 19. 
Thus, (x, y) = (6, 19) isa solutin of (1). 

19. : 
So, = will be an approximate value of V10. 














19 


Now, by the Additive Composition, 


N I g i 
10 6 19 1 
6 19 1 


x=19+6x19= 228; y= 10x 6?+ 19x 19 - 721 
(x, y) = (228, 721) is another solution of (1). 


721 , i 
So, re another approximate value of y 10 . 


Now, by the Additive Composition, from the above two 


solutions, we find that, 


Vargaprakrti 197 
N l g i 
10 6 19 1 

228 721 1 


x= 6x 721+ 228x 19 = 8658 ; 
y= 10x 6x 226+ 19x 721 
= 13680 + 13699 = 27379 


(x, y) = (8658, 27479) is another solution of (1). 


27379 
Therefore, 
8658 





is another value of v10 and so on. 
Also each subsequent value will be nearer to v10 in 
comparasion to its preceding approximation. The example 


is very important since V 10 was widely used as the value 
of 7 in ancient world. 


Case-2 : Consider, (3) xcu aa EA (2) 


Taking the optional number as : we find that : 


| 2m > 2(1/2) m pe 
B T d aa) (1/20) - 20; 
porn, OH. Ca, 
m^-N (BÅL (0) 


Thus, (x, y) = (20, 9) isa solutin of (2). 
So, 2 will be an approximate value of 4 (1/5). 
Now, by the Additive Composition, 


N l g i 
(1/5) 20 9 1 
20 9 1 


x= 2x 20x 9= 360; y= (1/5) x 20? + 9? = 161 
(x, y) = (360, 161) as the next solution of(2). 
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Again , by the Additive Composition, from the above two 
solutions, we find that, 


N l g i 
(1/5) 20 9 1 
360 161 1 


x= 20x 161+ 360x 9 = 3220+ 3240 = 6460; 
(1/5) x 20x 360+ 161x 9 
= 1440+ 1449 = 2289. 


< 
H 


(x, y) = (6460, 2289) is another solution of (2). 


: 1 
Therefore approximate values of (3) are 


9 161 2889 


) —, ——,.. and so on. 
20’ 360’ 6460 


oft -fürafaremeqanmi- 
srrauafrsafarfad dreamed wtf: art | 
“Thus ends the "Square-Nature" ( @twefd:) in the 
Bijaganitavatamsa (“the crown of algebra") composed by 
Narayana Pandita, the Lord Brahma for the lore of (aft) 
mathematics, the son of Narasimha the abode of all arts." 


[rara sista] 


"Thus ends the algebraic operations." 





(Part-I) 


any 


N 


WeHedermet Aaii word SA I 
sere Aa cw fd  G AA ie 


*As out of Him is derived this entire universe, visible 
and endless, so out of algebra follows the whole of 
arithmetic with its endless varieties (of rules). Therefore, I 
always make obeisance to Siva and also to (avyakta-) 
ganita (algebra). WU 1 II 


Hpi qur eTHed T AETAT | 
qaare tsnfa erafer ceat usu 


*As the equations are classified into four varieties : 


(i) ^ Linear equations in one unknown (avyakta- 
samikarana). 

(i) ^ Linear equations in more than one unknown 
(varna- samatva or vama-samikarana) 

(iii) Elimination of the middle term 
(madhyamåharana), or the quadratic equation. 

(iv) Equations involving the product of different 
unknowns (bhåvita-samatva).” 

analysis is stated to be of four kinds." Il 21 
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aaret araeersard PANAR, - 
araanafafgate ar agfad g Uae | 
Bored ar malanvarsernartfafe 31 
AM aferstateanentaq AAR Få | 
meat st vat geat æret vart vil 


At the out set, Rules for the formation (and solution) of 
(linear) equation (in one unknown) [in 5 verses of åryå 
metre |: 


“Let yavat-tavat with one, (two,) or any number as a 
coefficient of it, with or without an absolute term, be 
assumed as the value of the unknown quantity. 


Then, on the value thus assumed, by performing the 
operations (such as addition, subtraction, multiplication, 
division, etc.) in accordance with the statement of the 
problem, the two equal sides (of an equation) should be 
very carefully built, to get the desired result." 1 3-41 


draws: ug: | dy vat dmasnournr 
aere usb vArerart wader sank ar aot 
a whet wd sr user qur TAART- 
TETANUS vr usa 3tfegrauraféthaur st 
Wed aat rat | aferstett ugrt: ans 9 fad ante: 
afasi str war afffat ar Asger usd at 
rat 


"Of these (four classes of equations), the linear 
equation in one unknown (will be treated) first. In a 


1 À. Br.Sp.Si.xviii. 43. Pr. Comm.. ; (ii). NBi. II. R. 3-4.(Gloss) 
Cf. HHM. I. p.29. 


avyakta-samīkaraņa 201 


problem (proposed), the value of the quantity which is 
unknown is assumed to be yåvat, one, two or any multiple 


of it, with or without an absolute term, which again may 
be additive or subtractive. Then on the value thus assumed 
optionally should be performed, in accordance with the 
statement of the problem, the operations such as addition, 
subtraction, multiplication, division, rule of three, 
summation, plane figures, excavations, etc. And thus the 
two sides must be made equal. If the equality of the two 
sides is not explicitly stated, then one side should be 
multiplied, divided, increased or decreased by one's own 
intelligence (according to the problem) and thus the two 
sides must be made equal." 


Veneno fasterderarg Fur I 

aure T pergam un 

TAHT TWA så WaT JG | 

“ From one side clear off the unknown and from the 
other the known quantities ; then divide the residual 
known by the residual coefficient of the unknown. Thus 
will certainly become known the value of the unknown.” 
I| 5-6(i) II 


amg gg roue fatet ven 
ab wide faafsid ar rnad | 
fingern fart ARARA 9 AMT VON 


a (i). A. ii. 30. ; (ii). Br.Sp.Si.xviii. 43. ; (iii). BBi. R. 101. 
Cf. HHM. II. p. 41. 
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*In case of two or more unknowns, multiplied by 2 etc. 
(1.e., by arbitrary known numbers), or divided, increased or 
decreased by them, or in some cases, according to one's 
own sagacity (simply) any known values may be assumed 
for the other unknowns. [Knowing these the rest is an 
equation in one unknown].? I| 6(ii) - 7 I 


sqm - 
ame aftrstssater 
wae ufo ww ye wd 
Up ade I aah 
faa: våt at farget uid 


(qof) 


Ex.1: “One merchant has 8 horses of similar value, and 
six hundred coins. Another has 12 horses and a debt of 
(one) hundred coins. Both of them are of equal worth. 
What is the price of a horse?" 11 1 II 


Solution : Here the statement for equi-clearance is : 
8x * 600 = 12x — 100. 

By the rule steted above in verses 5-6(i), unknown 
of the firstside being subtracted from the unknown on 
the other side, the remainder is 4x. The absolute term on 
the second being subtracted from the first side, the 
remainder is 700. The residual known number 700 being 
divided by the coefficient of the residual unknown 4x, the 
quotient is recognised tobe the value of x, namely 175. 


INCOMPLETE 


>. BBi.llZ8Il 102 Il ; HHM. II. pp. 126 - 127. 


Appendix - I 


Residual Pulverisers and Conjunct Pulverisers 
(sagra-kuttaka and samslista- kuttaka) 
from Ganitakaumudi 


2.14.1: GENERAL PROBLEM OF REMAINDERS : The 
general problem of remainders , viz., to find a number N 


which being severally divided by a4, a5, a5, ...... m 
leaves as remainders — 7,,75,75,..... , respectively, 
sybolically,: 

N = axi + 1) = 05X;* T), = Q3X3 + T4 = ...- AnXn + | 


is one of the types of problems of simultaneous 
indeterminate equations of the first degree. Here a4, az, 


Qa, seernes „an are called ‘divisors’, (bhågahåra, bhåjaka 
and cheda etc.) and (n r2, T3, ..... m) as ‘remainders’ 
(agra and sesa etc.). 

Taq | 


amet ert et ut feast weewr qahu | 
«ar uaFY B T AE | 33 |! 
qf: wet en: anise usunfkaq i 
"seam: eared carats vr: sam uiid 


R. 32-33 : “Supposoing the first divisor to be the divisor, 
the next divisor to be the dividend and the difference 
of the first remainder subtracted from other remainder 
to be the additive, find the quotient. Multiply it by the 
first divisor and add (the product) to the first 
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remainder. (After that,) suppose (the sum) to be the 
remainder (and) the product of the first divisor (and) 
the next divisor, the divisor, (Now), these become the 
first (remainder and the first divisor) and, also , that 
next to it, the other (and so on) and thus finally, the 
remainder happens to be the (desired) number."|[32-33|| 


Explanation and Rationale : The rule gives a method to 
find N, which when separately divided by aj, a;, a3, 
ones ,Ay leaves 11,12,13,-----,% as remainders in order, 
i.e., to find N such that, 


N = qx + 1) = Q2X3 + T3 = Q3X3 + f3 = ...= Anth ...(1) 


For definiteness, let us consider, 
N = axı + 1 = AX + T; = daXa + T3 ... (2) 


According to the rule, let us first solve 


N-2axQt*7n-248uXjtvYj  ....... (3) 
i.e., ax + (r5 —n) = a4x4 
(a;x;t(r-r1) _ 
Or === 
aq 
Let x=m,x,= b, be the minimum solution of this 
equation. Then, the least value of N satisfying (3) will be 
a4m + rı. Hence the general value of N satisfying (3) will be 
N = a,(m+ au) * 7, 
= Q40;u + a4m * m. 
where u is any integer. 
Now, consider, 
N = ajau + aM + T} = a3%3 + f3. — ......(4) 
d3X3* {r3-(aym+r,)} E 


i.e. 
å 0105 
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Let u= n, x4 = b, be the minimum solution of this 
equation. Then, the least value of N satisfying (4) will be 
(a4a2n + am + 71). This value of N will also satisfy (3), 
as this value has been obtained from the values of N 
satisfying (3). Therefore, the general value of N satisfying 
(3) and (4) simultaneously, 1.e., satisfying (2) will be given 
by 
N= a,a,03Vv + aja Nn + aum m  .......(5) 

Proceeding in this way, we will obtain the values of N 
satisfying (1). 


The process of solution of equation (1) was known to 
Aryabhata I (499 CE)'. Bhaskara I (629 CE) has 
interpreted? Äryabhata I's rule as a method for the solution 
of this equation. Brahamagupta (628 CE) has? also given 
the rule. Bhaskara II (1250 CE) has given two methods for 
the solution fo this equation. one of this method 1s the 
same as that given by Aryabhata I. One of the Bhåskara 
Is problem? was later on dealt with byf Ibn-al-Hatiam 
(c.1000 CE) and Leonardo Fibonacci of Pisa(c. 1202 CE). 


* cf. À-ii-32-33, pp.74-77;. 
* Cf. A-ii-32-33, p.77; ABh, p. 
? Cf. BrSpSi.xviii. 3-5. 

^ Cf. HHM, Il. pp. 133-135 


> coma: we ésta: atsafgret wf | 
JANA aat sakte at våg mum d 41 


-ABh. p. 134. and p. 
€ Cf. HHM, II. p. 133. 
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(10). 3E U | 

Fonfeagasaaqua: USdgunqenn: | 

Usa: veut nd KAM GT TUR NON 
EX.10: “ O Mathematician, tell me quickly (the numbers) 


which when divided by 3, 4, 5 and 6 leave remainders 
2, 3, 4 (and) 5, in order." || 30 || 


statement (Nyasa) : 





remainder | 2|3]4/5 
divisor 3141516 


























Solution : The equqtion to be formed will be 
N = 3x+2= 4y + 32 524+ 4= 6t+ 5. 
Least value of x satisfying the equation, 


3x+2= 4y+3 or ae will be 











3) 4( 1 1 1x 1+0= 1 
3 1 1 
1 - 














will bex= 4—12- 3. 
So, the general value will be : x = 3+ 4m 
where m is any integer. Substituting this value of x in 


(3x + 2), weget {3(3 + 4m) + 2) - 12m + 11. 


Now, consider the equation, 
5z—7 





12m -* 11-7 5z+ 4 or =m 


Now find the least value of m satisfying the equation, 

















sagra-kuttaka 207 
1 2 ) 5 ( 0 
0 
56 db Dd x2 
1 0 
2) 5 ( 2 
4 
1 
0 Ox 35+ 14= 14 
2 2x 144+ 7- 35 35 
2 | 2x7+0= 14 14 
2 ni? 
0 å 




















(35 = 12x 2+ 11) ;(14= 5x 2+ 4) 


Least value of m satisfying the equation, will be 4, and so 
its general value will be 5n + 4, where n is any integer. 
Substituting this value of m in (12m + 11). 


weget. (12(5n + 4) + 11) = 60n + 59 
Finally, consider the equation, 

60n* 59= 6t+5 or 6t—54- 60n 
Dividing by 6, the H.C.F. of the dividend, divisor, and 


: -9 
interpolator weget, t —9 = 10n or = =n 























1:0) 1|(/.0 0 0x9+0=0 
0 9 9 
1 0 : 



































Least value of n satisying this equation will be O, so, its 
generalvalue will be (0 + p), where p is any integer. 


Substituting this value of n in (60n * 59) we get. 
N = 60p * 59, where p is any integer. as general 
solution of (1), its least solution being 59. 


Examples like (1) are now known as 'the Chinese 
problems on remainders'. The first such problem occurs in 
a work of Sun Tsu, who could get only one solution of it. 
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Even by the time of 6" and 7" centuries, three successive 
Chinese mathematicians obtained only 3 successive 
solutions. According to Mikami the Chinese interest in 
indeterminate anaalysis grew after their contact with 
Hindu culture and under the influence of the latter.' 


(11). aÑ I 
ær vfraget: maA fequatt | 
aud Fane CaM: ch: SA d 3 I 


EX.11: "What are the numbers which when lessened by 4 
and 3 or increased by 7, are exactly divided by 7, 
10and 9, in order.” Il 31 Il 

Statement (Nyåsa) : 

remainder | 4 |-7| 3 

divisor 7| 9] 10 


























Solution : The equqtion to be formed will be 


N= 7x+4= 9y—7= 10z * 3. 
So, the equation to be solved at the outset is, 
































9y—11 
9y —11- 7x or = 
a. x 1 11 1x 33411-44 
EERTE 3  |3x11«0-33 |33 
6 11 |1 2 
1 0 l- z 
44=9x4+ 8. 


Shukla, K. S. : Hindu mathematics in the 7” century as found in 
Bhaskara- I's Commentary on Aryabhatiya, Ganita, Vol.23, (June 
1972), No.3 58-59. Cf. Paramananad Singh : English Translation 
with notes of Ganita kaumudi , Ganita Bharati , Vol.22 Nos. 1-4 
(2000), 19-85 see p. 45 
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Since the interpolator is nagative, the least value of x 
in this case is : 9 — 8 = 1. So, the general value of x is, 
x = 1+ 9m, where m is any integer. 


Substituting this value of x in (7x + 4), we get, 
7(9m+ 1) + 4= 63m+ 11. 
Now, consider the equation, 
63m+ 11= 10z+ 3 or 10z-8= 63m 
6 3 )10(0 



































0 
10)63(6 
6 0 
$9 10473 
9 
1 
0 [0 0 0x 152+24=24 
6 |6 6x 2448-152 | 152 
3 |3x8«0-244 | 24 : 
8 | 8 : z 
0 " e 2 
24= 10x +4 


Least value of m satisfying the equation, will be 4, and so 
its general value will be (4+ 107), where n is any 
integer. Substituting this value of m in (63m + 11). 


- N= 63(10n + 4) + 11 
= 630n + 263; where n is any integer. 
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2.14.2: CONJUNCT PULVERISER (dfeEmzem): 


VN 


Let the The general problem on remainders be, 
Q4X4 + T, = AX + T; = AZXZ+ T4 = 2. = AnXnt 0s... (1). 
Then!, 
at T= AQX2 + % 
5X» = A,X, + (ri = T) us nare (i) 
04 X4 Tt Tq = A3X3 + T3 
d3X3 = A,X, + (ri — 73) 








0102 
5X3 = X1 + — (r = r3) E (ii) 
a3 
aa 
azxg —— x + —(n — Ta) aar e vm (iii) 


4 


Thefore the system of indeterminate equations of the first 
degree : 
04X41 + T4 = Q5X2 + T2, = A3X3 + Y3 = ..-— AnXn + Mm 
can be put into the form 
by, = xt cy 


byg = a2x + Cz 
byg = a3x + C3 (1) 


This is technically called samslista-kuttaka or the 
“conjunct pulveriser” (from, kuttaka = pulveriser and 
samslista = jomed together, related). 





* HHM. II. p.135. f.n. 
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On account of its important applications in 
mathematical astronomy this modified system has 
received special treatment at the hands of Hindu 
algebraists from Aryabhata II (950) onwards. 


For the solution of the above system of equations 
Aryabhata II lays down the following rule : 


“In the solution of simultaneous indeterminate 
equations of the first degree with a common divisor, the 
dividend will be the sum of the multipliers and the 
interpolator the sum of the interpolators.” 


A similar rule is given by Bhåskara II. He says” : 


“If the divisor be the same but the multipliers different 
then making the sum of the multipliers the dividend and 
the sum of residues the residue (of a pulveriser), the 
investigation is carried on according to the foregoing 
method. This true method of the pulveriser is called 
samslista-kuttaka, the conjuct pulveriser.” 


Rationale : If the equations (1) are satisfied by some 
value ‘a’ of x, then the same value will satisfy the 
equation 


b(yi* y2* J) = (dy + ag + ..)x+ (0 + cg ++) (2) 


Thus, if we can find the general value of x satisfying 
equation (2), one of these values, at least, will satisfy all 
the equations of (1). 


2 uke iad wer stadt våt AT: 11 MSi. Xviii-48 
> wal atdgurat ffs wur ursi Ra WIS I 
area He shad: Hurd: upegeecisu Il 


— L(ASS). Vs.259; B. Bi.lI& 1731 
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To illustrate the application of the above Bhaskara II 
gives the following example : 
EX. "What quantity is it, which multiplied by five and 
divided by sixty-three, gives a residue of seven; and the 
same multiplied by ten and divided by sixty-three, a 
remainder of fourteen ? declare the number.”* 


That is, we have to solve the Simultaneous 
Indeterminate Equations : 
639, = 5x —- 7 Ses (0) 
63y2 = 10x —14  .....(ii) 
Solution : Adding up the equations 
63(y, + y2) = (5+ 10)x — (7 + 14), 
and dividing by the common factor 3, we get 














21Y = 5x — 7, 
where Y = y, + y3. 
- s 0 0 0x28+7=7 
5)21(4 4 4x7+0=28 28 
20 7 7 z 
1 0 s z 

















7=1x5+2; 28=1x21+7 


Since the interpolator is negative :x = 21—7 = 14. 

By the method of the pulversier the least positive value of 
x satisfying this equation is x = 14. This value of x is 
found to satisfy both the equations (i)and (ii). 


puram ae VAA ERIN 74 I 


-HHM. II. pp. 136- 137. 
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2.14.3 : GENERALISED CONJUNCT PULVERISER. 


(samslista- kuttaka) 


A generalised conjunct pulveriser is that in which the 


divisors as well as multipliers vary. Thus we have 
by, = ax + Cy 
b,y,-7 A,X + Co 
b3y3 = asx + C3 


Simultaneous Heiene Sanaos of this type have 
been treated by Mahavira (850) [Cf.GSS vi. 115%, 136^] 
and Sripati (1039). [SiSe, xiv, 28.]. 


In this connection the rule stated by Narayana Pandita 
is as follows: 


T | 
at quærts AU att et URTA | 
Feet ub Yu: I east fafa: urn svi 


R.34 : "Supposing the multilpier (gunaka. or gunakåra) to 
be the dividend (bhåjya), the remainder (agra) to be 
the interpolator (ksepa), and the divisor (bhajaka, 
hara) to be the divisor, obtain the multilpiers by the 
method of kuttaka (1.e., by the method of solution of 
indeterminate equations of the first degree). These 
(multipliers) are the corresponding remainders of their 
own divisors. (The desired number should be obtained 
from them) by the method stated earlier (inverse 32- 
33).” 11341 
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Explanation and Rationale : Let 


by = X + Ci ee (1) 
bay» = A2x Ł Cp a’ (2) 
b4y4 = d4X € C4  ..... (3) 


then according to the rule, the value of N can be obtained 
from the equations, 
N = bıyı + m = bzy2 + n = bzyz + p 


where m, n, p are the least value of N satisfying equations 
(1), (2), (3) in order, and hence the rule. 

Bhaskara II has given rules for the solution of such 
type of equations. However, some mathematicians doubt 
the genuineness of the rule? given by Bhåskara II while 
some others take a different view.” 


(12). JETEUR | 
wr viftet: Wen «fat 
mAg: Aaea å | 
d wfSb we alfaen wrest 
arfauegeeasearut star RARI AY ge 


Ex. 12 : "O mathematician, if you are just like a lion 
residing in mountains, to win the elephants, among 
the learned mathematicians knowing Indeterminate 


5.S.K Ganguly, "Bhaskaracarya and simultaneous indeterminate 
equations of first degree," BCMS, XVII, 1926, pp.89-98. 

5. A. A. Krishnaswami Ayyangara, "Bhaaskara anda samslishta 
Kuttaka" JIMS, XVIII, 1929 

D Ganguly's reply to Ayyangar's criticism see JIMS, XIX, 1931. 
Cf.HHM, II, p. 139. 
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Analysis, tell quickly the numbers which when 

multiplied by 9, 7, 5 and 3 and divided by 5, 8, 11 and 

14 leave remainders 1,3, 3, and 4 in order.” 11321 
Statement: 





multiplier |9/7| 5| 3 
divisor 5/8] 11 | 14 
remainder | 1|2| 3] 4 





























Here, the problem is to find the values of N which 
satisfy all the following equations simultaneously, 
9N—1-2 5x ; 7N - 22 8y ; 5N —3- 11z; IN — 4- 14t 
Solving these equations : 

(i) 9N—1- 5x 





























5)9(1 1 1| 1x 1+1=2 
5 1 | 1x1+0=1 1 
4) 5 (1 1 1 s 

4 0 : : 
1 


Since the interpolator is nagative, the least value of N in 
this case is : 5-124 


(ii) 7N—2-2 8y 





























8)7(0 0 0 | 0x 2+2=2 
0 1 | 1x 2+0=2 2 
7) 8( 1 2 2 : 
7 0 i : 
1 


The least value of Nin this case is: 8—2= 6. 


(iii) 5N — 3 = 11z 





Ox 6+3=3 





11)5(0 0 
0 2x 3+0=6 6 
3 på 





5) ( 2 











O|VYINIO 





1 
1 








RIOR 
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The least value of Nin this case is: 11 — 6 = 5. 
(iv) 3N — 4 - 14t 

















14)3(0 
0 
3) 14( 4 
12 
2) 3 (1 
2 
1 
0 0 0 | Ox 20+4=4 
4 4 | 4x4+4=20 20 
1 | 1x4+0=4 4 - 
4 4 - 
0 - 




















20= 14x 1*6 


Since in the mutual division the number of quotients is 
odd, and also the interpolator is negative. 

Therefore, the least value of N in this case is: 6. 

Now, aaccording to the rule, these (least value of N or 
multipliers) are the corresponding remainders of their own 
divisors. That is, 





remainder | 4 | 6 5 6 
divisor 5181|11| 14 


Thus, according to the rule, we have to find the value of 
N, where N satisfies the equations, 
N=5x+4= 8y+6= 11z+5= 14t+6 
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Since in the mutual division the number of quotients is 
odd, and the interpolator is positive, the least value of 
x= 8—6= 2. "The general value is x= 2+ 8m 
where m is an integer. Substituting this general value of x 
in (5x + 4) and then equating it with 117 + 5, we get: 


5(2+ 8m) + 4= 11z+ 5 
or 40m + 14 = 11z+ 5 
or 11z—9= 40m. 


























1 )40(3 
3? 38 
AG du A 
7 
4 3. opu 
4 
ard 4 
3 
1 
0 0 0 0 0 | 0x99+27=27 
3 3 3 3 | 3x27+18=99 99 
1 1 1 | 1x 18+9=27 27 - 
1 1 | 1x9+9=18 18 - 
1 | 1x9«0-9 9 2 
9 9 - 
0 






































8y+2 
(i). 8y* 22 5x or Z = 
5) 8(1 
5 1 1 1 | 1x4+2=6 
FP ETT 1 1 | 1x2+2=4 4 
3 1 | 1x 2+0=2 2 E 
2)3(1 2 2 : E 
2 0 - - - 
1 




















27=11x2+ 5; 
Since in the mutual division the number of quotients 
being 5 is odd, and also the interpolator is negative, 


the least value of m= 5 - The general value is 
m= 5+ 11n where n is an integer. Substituting this 
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general value of m in (40m + 14) and then equating it 
with 14t + 6, we get: 


40(5+ 11n) + 14 - 14t+ 6 


440n + 214 = 14t+ 6 
14t — 208 - 440n 




















or 7t—104= 220n. 
220)7(0 
0 
7)220(3 
217 
3)7(2 
6 
1 
0 0 0 | 0x 6552+208=208 
31 31 | 31x 208+104=6552 6552 
2 | 2x 104+0=208 208 - 
104 104 - 
0 " 

















208 = 7x 29+ 5 
Since in the mutual division the number of quotients 


being 3 is odd, and also the interpolator is negative, 
the least value of n= 5, 
“. The general value is n= 5+ 7p where p is an integer. 


Substituting this general value of n in (440n + 214) we 
get the desired value of N, 
N= 440(7p+ 5) + 214 


= 3080p + 2200+ 214 
= 3080p + 2414; 


where, p = 0,1,2,3,.. 


2.14.4 : GENERAL PROBLEM ON REMAINDERS 
(CONTINUED) 


TAT 
ma: manent nia | 
am van: ege Raa 34 odi 
ma genae Ree Aga: | 
Tema ert AAAA 0 350 


R.35-36: “Obtain the quantities (i.e., the divisor and 
the remainder) by the method stated earlier (in verse 
32-33). (Divide the quantities by the first divisor) The 
quotients are the first (divisor) and the first remainder. 
Desired divisor and the (desired) quotients are the 
second. Obtain the quotients from these by kuttaka 
(i.e. by the method of Indeterminate Analysis). 
Multiply the quotient by the (initial) divisor. Add its 
own (i.e., initial) remainder to the product. The sum is 
the next remainder. Multiply the (initial divisor) by the 
other divisor. (The product) is the next divisor. In this 
way, other (divisor and remainders) should be obtained 
by repeating the process.” II 35-36 II 


Explanation and Rationale : The above rule is a 
generalisation of — R.32-33 and gives several other 
solutions of the equation, 


N-2axXQ*7,-2 Q2X2 + 12 = A3X3 + 3 = ...= Ant s ...(1) 


For definiteness, let us consider, 
N = x1 + 1 = 5X2 + T; = AzX3 + T3 ... (2) 
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We have seen in R.32-33 that relation (5) of that rule, 
i.e., N= aya,a3V+ Aa an+ M+ aaea (3) 

is a solution of (2), where v is any integer and x, = m, 

X; = b, is the minimum solution of a,x, + r, = a5x; + r; 
and u = n, x4 = bg is the ninimum solution of 

Q40,;Uu + aum T, = a3X3 + T3. 


Now, divide a4a;a4v and (a,a,n+ am + rj) bya,. 
This will give a;a4v and (a,n + m) as quotients. 
Consider the equation, 

ü,ü,4V + an+ M= axi 7, ...(4) 
Let v = f and x, = d, be the minimum solution of this 
equation. According to the rule, 
N = a12a,a3w + a4a5a4f + aan + aqm * m ...(5) 
where w is any integer. 
This value of N will also satisfy (2) as this value has been 
derived from (3) which satisfies (2). 
Again suppose that qz is the quotient when (a4m + 7) is 
divided by az. Obviously, the remainder will be r, in this 
case as (3) stisfies (2) as well. 
That is, aam + Ty = a3Q2 * 12 an (6) 
Now, division of a4?a;a4w and a,a,a3f + aya,n+ 
aqm*r, by az will give the quotients a,2a,;w and 
(a,a3f + n+ q2). 
Let w= g, xX} = d; be the minimum solution of 
a4?a4W + A,A3f + an+ Gz = az% + T3 TE VÀ 


Then, N = a,?a5?a4k + a42a5a4g + a4a5asf + 
aan+ a4m + m-(8) 


where k is any integer. 
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This value of N will also satisfy (2) as this value has also 
been derived from (3) which satisfies (2). 
Finally, suppose that q4 is the quotient when, 
(a4a5n + a4m + 7) is divided by a4. 
Obviously, the remainder in this case will be 73 as (3) 
satisfies (2) as well. So, 

(aan + am + rj) = aqg* 13 .... (9) 
Now division of, a,?a;?a4k and 
(a4^a5a4g + Q1a3a3f + a1a5n + am + 7) by as will 
give the quotients a,2a;?k and (a42a5g + a,a;f + q3). 
Let k = hand x4 = d4 be the minimum solution of 
a,?a;^k-* a;?a;g + aaf + q3 = asx3 * r3 ..(10) 
Then, 
Ns, 87 6°) + 40,0, 04h + a,^d,üsg + d d,dsf + 

d410;n * m+ rj ..(11l) 

where, j is any integer. This value of N will also satisfy 
(2) as this value has been derivied from (3) which satisfies 
(2) and so on and hence the rule. 


Here, it may be noted that all the solutions [1.e., values 
of N given by (5) of R.32-33 or (5), (8), and (11) of R.35- 
36] of the equatio (1) of R.32-33 or, R.35-36 are 
transferable from one form to the other by simply 
interchanging the optional numbers, suitably. Thus if we 
take optional number w in place of v such that v = a,w + 
f, where f is the number satisfying equation (4) of R.35- 
36, we get solution (5) of R.35-36 in place of solution (5) 
of R.32-33 of the equation (2) of R.32-33 (or R.35-36) and 
so on. 
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(13). STEW | 

UcRIUÍCHEd: ch: Fart AN: ueque: | 

Wen: TAMPA deed JAG MENY 331 


Ex.13 : "Tell the numbers which when separately divided 
by 3, 5, and 7, leave remainders 1, 3 and 5, (in order)." 
n331 

Statement (Nyåsa) : 





remainder | 1/35 
divisor 31517 























That is, to find the value of N such that, 

N= 3x+ 1= 5y+ 3 = 7z * 5 ...(1) 

= 4X, + = ApXo+ % = Q3X%3* T3 

Solution : We have seen in R.32-33 that 

N = aixi + % = A2X2 + Nn = A3X3+ T3 
has the general solution 

N= a,a2a3v + aan * aqm * T3 ..... (2) 

where v is any integer and x4 = m, x; = bz is the 
minimum solution of a4x4 + r; = AzX2 + n, and 
u = n,X4 = bz is the ninimum solution of 
jazu + d4m * Ty = daXq + T3. 
So, first we have to find the values of m and n, that is, 


minimum solution of 
5y+2 _ 














3x + 1= Sy + 3 or == =x ianed (3) 
N 1 1|1x2+2=4 
2)3(1 : Ax Zt on? 2 

2 0 

" z å 
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4=5x0+4; 2=3x0+2 
Therefore minimum solution of the equation (3) or the 
minimum values of x and y are: x = 4 and y - 2. 
The general solution of (3) is: x= 4+ Su; y= 2+ 3u 
where u is any integer. 
Substituting the value of x and y in (3) and equating it 


wih7z + 5 weget,3(4+ 5u) + 1= 7z+ 5 
7z-8 
































15u+ 13= 7z * 5 or im d s (4). 
0 0 0x 16*8- 8 a d 
2 2x 8+ 0-2 16 16 = 
2 : - 7)15(2 
0 z 5 14 
1 


8=7x1+1; 16=15x1+1 
Since the interpolator is negative, The minimum solution 
of (4) is (u, z) = (7-1, 15— 1) ie,u » 6,z- 14. 
Therefore the general solution: u = 6+ 7v;z = 14+ 15v; 
where v is any integer. 
So,x, = m= 4and u= n = 6. Substituting these 
values in (2), we get, 

N23:5:7:v* 3:5:6* 3 :4+1 

= 105v+ 103 Hm T (5) 

As stated in the rule(35-36), now, we divide 105v 

and 103 by 3, separately and get 35v and 34 as quotients, 


and the equation to be solved is: 
35v433 — 


35v+ 34-2 3x+ lor = RUE .... (6) 
According to the rule (stated in verse 30 of GK. IX), in 
equation (6) the additive 33 being an exact multiple of 
the divisor 3, the multiplier is zero, i.e, v= 0 = f and 
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the additive as divided by the divisor is the quotient i.e., 


x= = = 11 is the minimum solution of (6). 


The general solution is: v= 0+ 3w and x = 11+ 35w 


sagra-kuttaka 


225k+ 59= 7z+5 or 


7) 225 (32 


225k +54 _ 


7z x49) 


7 








N = a4?a5aaw + a4a5a4f + jan + aqm * m 


N=32:5-7:w+3:5:7:0+3:5:-6+3:4+ 1 


= 315w + 103 


where w is any integer, 
will also be the general solution of (1). 


Again as stated in the R.35-36, we divide 315w and 103 
by 5, separately and get 63w and 20 as the quotients, 



































Solve: 63w + 202 5y+ 3 or E SE (8) 

5)63(12 2 T2 12 | 12x 34+17=425 
60 1 I | 1x 17417234 34 
3)5(1 I | Ix 1740217 17 k 
3 17 17 s - 
2)3(1 5 - - - 

2 

1 


425 = 63x 6+ 47; 34=5x6+4 

The minimum solution of (8) is 
w=5—4=1=g; y= 63—47= 16 
The general solution is: w= 1+ 5k; y= 16+ 63k. 
Therefore, 
N = a4?2a5?a4k + a42a5a45g + a1a5a5f + aq an + aym+ m, 

N = 32.52.7.k + 325-714 3:5-7-04 3:5-64 3"4+ 1 
N = 1575k + 418 
Again as stated in the R.35-36, we divide 1575k and 418 
by 7, separately and get 225k and 59 as the quotients, 
Solving , 





32 32x 54+ 0= 1728 

224 54 54 
1 

0 = 














1728 = 225 x 7 + 153 ; 54=7x7+5 
we get, k= 7—5=2= h; z= 225—153- 72 
as its minimum solution of (9), and 
the general solution is: k= 2+ 7j; z= 72+ 225j 
where j is any integer. 
Then, 
N = aja; *a4?j + a2a,?azh+ a,?a;a5g + a,a5a5f + a,a5n * amt m, 
N = 32-52 -7%j+ 32-52-7-24+ 32-5-7:14+ 3:5: 7.04 3:5:6* 3:4+ 1 
= 111025j + 3568. 

- N= 111025j + 3568 

is the general solution of (1). 


(14). TY 1 


ær vAYyedt arufefagardæfsdennt qui- 
fåvetvarguedt Faded: Werne stad | 

aris faqurer raet: mA F- 
ed wqgd um AYgrft FG ct AF VIVI 


EX.14 : "Two quantities when multiplied by 3 and 5, and 
(then) divided by 5 and 7, leave 1 and 2 as 
remainders, (in order). Their difference when 
multiplied by 4 and (then) divided by 9, leaves 5 as the 
remainder. Their sum when multiplied by 3 and (then) 
divided by 5, leaves 2 as the remainder. The sum of 
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(the above quotients), when multiplied by 10 and 
(then) divided by 11, leaves 7 as the remainder. O 
friend, tell them." 1I34II 


That is, to find the value of x and y such that, 


SNE SDS i ee (1a) 
bye desk Aun. Me dus S UTD dem SG (1b) 
Ay. 2) S964 5.5 uu da d senec e eee) 
S(x y) m DD ne es eve LO) 
10(r+ s+ t+ v)  14w-* 7, seer . wu. (Le) 


where, x, y,r, s,t, v and w are integers. 


Solution : The solution of the problem as solved by 
Narayana Pandita is on the following lines. 
Solving the eqution (1a), 
































Sr+1 
5r+1 = 3x or = =x 
3)5(1 
3 1 1 1x1+1=2 
2)3(1 1 1x1+0=1 1 
2 1 1 - 
1 0 å E 
2=0x5+2; 1=0x3+1 
MS Qe Sk arven (2a) 
and T21*3Kk uinu (2c) 


where k is any integer. 
"E i 75+2 
Similarly, solving >) ..(1b) 














5)7(1 
5 1 1 | 1x4+2=6 
4 2 2 - 
1 0 2 E 
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620x746; 420x544 
“Y= 6+ 7p 25... (2b) 
and S=A+ 5D  ...ee (2d) 
where p is any integer. 


Now, if we take k = p, relations (2a) and (2c) transform 
into 


and T=1+3P cs (2h) 
respectively. 


Also, then the values of x, y,r and s given by relations 
(2g). (2b). (2h), and (2d) respectively, will satisfy both 


the equations (1a), and (1b). 


Again substituting the values of y and x got from(2g) and 
(2b), in (1c) ,we obtain 
4{(6 + 7p) — (2+ 5p)) 2 9645 
4(4 * 2p) = 9t + 5 


























&9t-11- 8p or === 
8)9(1 1 | 1x 1140211 
8 11 11 
1 5 - 
11=1x9+2; 12 1x 8« 3 
t= 3+ 8q ..... (3e) 
p= 2+ 9G ...... (3f) 


where q is any integer. 

Putting the value of p in (2g). (2h) 2b), and ( (2d) 
they transform into 

x= 2+ 5p 
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= 2+ 5(2+ 9q) = 12+ 45q ......(3a) 
r= 1+ 3p 
= 1+ 3(2+ 9q) = 7*4 27q —.......(3C) 
y=6+ 7p 
= 6+ 7(2+ 9q) = 20+ 63q .... ... (3b) 
s= 4+ 5p 
= 4+ 5(2+ 9q) = 14+ 45q  ...... (3d) 


Now the values of x, y,r and s given by relations 
(3a), (3c), (3b), and (3d) respectively, will satisfy all 
the three equatiions viz, (1a), (1b), and (1c). 


Again substituting the values of x and y got from (3a) 
and (3b) in (1d), we get 
3(x* y) = 5v+ 2 
3{(12 + 45q) + (20+ 63q)) = 5v+ 2 
3{32 + 108q}= 5v+ 2 



































5v—94 
5v — 94 = 3244 or ——= 
324 
324)5(0 
0 0 0 0 | Ox 6110+94=94 
5) 324 ( 64 64 64 | 64x 94 +94 - 6110 6110 
320 m A 24 - 
4)5(1 0 - 
4 


1 

94 = 18x 5+ 4 ; 6110 = 18x 324 + 278 

q=4+5m; and = 278+ 324m  ..(4f) 
where m is any integer. 
Substituting this value of q in (3a), (3b)(3c), (3d) and 
(3e) they transform into 
x= 12+ 45q 

= 12+ 45(4+ 5m) = 192+ 225m ...(4a) 

y = 20+ 63q 
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20+ 63 (4+ 5m) = 272+ 315m ... (4D) 


r = 7+ 27q 

= 7+ 27(4+ 5m) = 115+ 135m .. (4c) 
s= 14+ 45q 

= 14+ 45(4+ 5m) = 194+ 225m ...(4d) 
t= 3+ 8q 

= 3+ 8(4+ 5m) = 35+ 40m  .......(4e) 
v = 278+ 324m smart [Af ) 


Also the values of x, y, r, s and t given by relations 

(4a), (4b), (4c), (4d), and (4e) respectively, will satisfy 

all the four equations viz., (1a), (15), (1c), and (1d). 

Finally, substituting the values of r, s, t and v given by 

(4c), (4d), (4e) and (4f) in (1e) 

10((115 + 135m) + (194 + 225m) + (35+ 40m) + (35+ 40m)) - 11w + 7 
10(622 + 724m) = 11w+ 7 




















11w = 6213 = 7240m or LT. - 
7240 
7240) 11(0 
0 
11) 7240 ( 658 
7238 
2)11(5 
10 
1 
0 0 0 | 0231065231065 
658 658 | 658x 31065+6213=2044983 20446983 
5 | 5x6213+0=31065 31065 - 
6213 6213 - 
0 S 

















31065 = 2824 x 11+ 1; 
20446983 = 2824 x 7240 + 1223 
m= 1+ 11n; we 1223+ 7240n 
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where, n is any integer. 


Putting this value of m, in (4a), (4b), (4c), (4d), (4e) 
and (4f) they transform into 


x= 192+ 225m 
= 192+ 225(1+ 11n) = 417+ 2475n ...(5a) 
y = 272+ 315m 
= 272+ 375(1+ 11n) = 587+ 3465n ........ (5b) 
r= 115+ 135m 
= 115+ 135(1+ 11n) = 250+ 1485n ...(5c) 
s= 194+ 225m 


= 194+ 225(1+ 11n) = 419+ 2475n  ........ (5d) 
t= 35+ 40m 

= 35 + 40(1+ 11n) = 75+ 440n .... ....(5e) 
v= 278+ 324m 

= 278+ 324(1 + 11n) = 602+ 3564n ..... (5f) 


With this values of x, y, r, s, t and v gien by 


(5a), (5b), (5c), (5d), (5e), and (5f) respectively, all 
the equations (1a),(1b),(1c),(1d), and (le) are 
satisfied simultaneously. 


By taking n = 0, 1, and 2 in succession, we get. 
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2.14.5 : EQUAL REMAINDERS : 


GAR | 
Tasta vr: vett: PAAAMER: TAT 13S (iii)! 
R. 36(iii) : “ In the case of equal remainders, the remainder 


is the number and the least common multiple (L.C.M.) 
of the divisors is the additive.” II36(iii)ll 


According to the rule, if, 
N = ax+ c= by+ c= dz+c=.... 
then, N = c with the L.C.M. of a, b, d ...., as additive. 
i.e., N= c+ pm, 
where p is an integer, and m = L.C.M. of a, b, d ... 


(15). SEU | 


Tr: GT arrene utstå fure: vm | 
uret ar Freret ar fat Fars HIST Å UIA 


EX. 15 : "O friend, tell me quickly the numbers, (which 
when) divided (separately) by 4, 6, 8, or 9, either leave 
no remainder or leave 1 as remainder or 2 as the 
remainder." 11351! That is to find, 

N = 4X, + C= 6X% + c = 8x4* C= Ox, + C, 

whenc= 0, c= 1, c= 2. 

Solution : Comparing the equation to be solved with its 
general form, 


N = ax + C= ü;X2* C= Q3X3+ C= Q4X4 * C. 
Here a, = 4,a, = 6, a3 = 8,a,= 9 
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- L.C.M.ofa,, aj, az, a4 is 72. 

According to the rule stated in verse 36(iii), 

(i). N= 0+ 772p whenc = 0 

(ii). N= 1+ 72p whenc= 1 

(ii) N= 2+ 72p whenc = 2 


where p is an integer. 


Appendix - II 


(Word Numerals) 

A system of expressing numbers by means of words 
arranged as in the place-value notation is called as Word 
Numeral System. In this system the numerals are 
expressed by names of things, beings or concepts, which, 
naturally or in accordance with the teaching of 
Såstras,connote numbers. The following is a list of words 
used in this system to denote numbers in Narayana 
Pandita's Bijaganitavatamsa. 





Numbers | Words 





























0 |, aT. 

| 139, ae ET; MB. 

2 | ate, a fart, 994, Aa, Spr quet, PG Ai. 
3 affer, qur, a IT. 

4 | ser: . 

5 | su: , WT: , ae. 

6 | ay; 

7. |: 

8 |37, YT, I9 At 



































12 | ach:, día 

13. | fear. 

14 | oq: , Tp, Ue. 
15 | fafa: . 

18 | oft: . 

20 |. 

24 frg. 

32 | aed: 
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Appendix-lll UT: 14 21 
Wai: 21 21 
Word Numerals in alphabetical order with references. qu: 5 18 
Word Numeral Reference Ex. | Page Yi: 21 
number YET: 8 17 
arfar 2 19 "T 14 24,25 
are: 3 18, 29 TH 2 17, 18 
afa: 4 18 qu 2 9 
arv 0 29 aq 12 25 
am: 12 Part II, Ex.1. ar 6 24:22 
Tay 2 29 WT 3 19 
ah 19 at 1 19 
TX: 18 ead 2 18 
Tq: 14 29 qq 8 18, 22 
Sv: 17, 18 fear 13 21, 25 
75: 18, 19 IR 5 16, 18 
Hay 10 25 SAT 18 
a: 18, 29 fas 24 15 
Tur: 3 21 qd 18 17,18 
NA: 15 23, 25 
Td: 32 17, 19 
qd 3 18 
far 10 29 
Td: 20 16 
IT: 21 
TT 24,29 
GE 2 22 
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APPENDIX - IV 


Concordance of rules parallel to those of Narayana 
Pandita's Bijaganitavatamsa found in other Hindu works 




















Ch.| Verse Cross references of rules Present 
number in Book 
in NBi. other Hindu works p.no. fn. 
PartaI 
1.| sefta uant 
8 (i) BrSpSi.xviii-30; (ii) GSS, i.50-51; 3 2 
(iii) Si.Se.xiv-3; iii.-28; (iv) BBi, R.3; 
Cf. HHM. II. p. 20. £n. 4 and p.21. f.n. 
1-5., 
9i) (i).BrSpSi.Xviii.3 1-32; i1).GSS. i.-51; 4 3 
(iii). Si.Se.x1v-3;(1v). BBi.R.I 9151. 
Cf. HHM. II. p. 22. 
9(ii) (1). BrSpSi. Xviii.-33; (ii).GSS. 1.-50; 5 4 
(iii).Si.Se.xiv-4; (iv). BBi. R.8/7; Cf. 
HHM. II. pp. 22-23. 
9(iii) (i). BrSpSi. Xviii.34; (ii).GSS.i.-50; 6 5 
(iii).Si.Se. xiv-4; (iv). BBi.R. 39/7. 
Cf. HHM. II. p. 23. 
10 (1). BrSpSi. Xviii.35; (ii). GSS.i.-52; 7 6 
(iii).Si.Se. xiv-5; (iv). BBi. R. II 31I10ll. ; 
Cf. HHM. II. p. 24. 
T . BBi. 88/12. Cf. HHM, I p.242. 8 hi 
12-13 L(ASS)- 45-46 ; Cf. HHM. I. p. 242 10 12-3 
15 BBi. 20/16. 12 15 
17-18 | BBi. R. 32/17; Cf. HHM, II, pp.18-19. 20 l1 
19 (1). BrSpSi.xviii-41; (ii). BBi. lIS3II18 Il; | 21 2 
Cf. HHM. II. pp. 25-26. 
21-22 Cf. BrSpSi.xviii.-42. BBi. R. 3&/21. 23 13-4 
HHM II. p.26, f.n.4 and 5 
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23 BBi. vs. II281I24 ll, HHM II. p.27, f.n.2 andj 24 |5 
24 BBi. 11321126 1; Cf. HHM II. p.28, f.n.1 | 25 l6 
28 Cf. BBi. vs.113 (ii) 130 Il; (JHS) 28 (3), 35 12 

1993. pp. 254-255. 

29 Cf. BBi. vs. Il 3 (i) II 2911 36 13 

30 Cf. Br. Sp. Si. xviii. ; GSS. vii. 887 . 36 4 

32 Cf. BBi. 13911 33 II 40 15 

36 Cf. BBi. R. 1139/36 ll; HS, 28(3), 1993, | 48 l7 
p. 258, f.n.22-23. 

3738 | - Cf. Br,Sp.Si. XViii, 39. UHS, 28(3), 1993, | 59 |g 

p. 258, f.n.16-18. 

41-43(i) Cf. BBi. vs.44-45(i). IJHS, 28(3), p. 260. 57 110 
43(ii)-44 Cf. (2.BrSpSi. xviii-40; (i).SiSe. xiv-12. | 58 |11 
(iii). BBi.1%21139—4011; UHS, 28(3), 1993 

pp. 258-259 f.n.26. 

45 Cf. BBi. R. I1% € /44-451l. IJHS, 28(3), 58 12 
1993, pp. 262-263 ,f.n.30. 

46-49 UHS, 28(3), 1993, p. 263, f.n.38. 60 14 

50 Cf. BBI. R. U%%/44-4511. WHS, 28(3), 61 15 
1993, p. -263, f.n.37 

51 Cf. BBi. 1146-4711; VHS. 28 (3), 79 116 
1993. p. 260-261. 

52 Cf. BBi. 1%? 4111 HS. 28 (3), 1993. p. 86 120 
259. (£n. 27.) 

2 FT: 

53 (i). SiSe. xiv-26.; (i).L(ASS).Vs.242(i). | 94 |1 
(iii). BBi..R.53(1). (1v).G.K.ix.19(11).; 
(V).SiTVi.xiii.p.179f; 

Cf. HHM. II. pp. 92- 93. 

54 Cf. (i). MSi. Xviii-1G); (ii).G.K. ix- 94 |> 
20(i1).; (iii). BBi.I. R.53(11). 

55-56 | Cf. (1).BBi.R. 55-56(i). (ii).G.K.ix.21-22. | 95 |3 
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75(ii)- | Cf G)BBi. R.1931 80-8111; (ii).GK.. 151 |13 
76(i) X. 6(ii)-7(1); (iii). SiTVi.,Xiii.216. 

HHM. II. p.154. 
76(ii) Cf. BBi. R. 93118111 ; Cf. GK. x. 6b -7a. | 152 |14 
HHM. II. p.150. (Also see f.n. 2). 
77-80 | Cf. Q).BBi..R.l'9 4183-86! (ii) G.K. Ch. | 160 |3 
X. R.8-11. ; HHM. II. p. 162-166. 
81 Cf. (i). BBi, R. WY Pll 88 11; (ii). GK. X. 12.| 174 113 
HHM. Il. pp. 178. 
82 Cf. (i). BBi. R. 1431 93IL ; (ii) 180 |1 
GK.Ch.x.R.13.; HHM, II, p. 176. 
83 Cf. (i). BBi. RNC 195; (ii). GK. x. R. 14.; | 182 2 
HHM. Il. p.177. 
84 Cf. (i) BBi. R. NÆR 921 ; (ii) GK.Ch.x. R.| 187 |5 
16. ;(iii). Also see, Br.Sp.Si. xviii-66. 
HHM, II, p. 174. 
86 Cf. GK. Ch.X. R.17. [GK, Part II, p. 244] 19 |12 
Parta II 
3-4 (i). Br.Sp.Si.xviii. 43. Pr. Comm.. ; 198 |1 
(ii). NBi. II. R. 3-4.(Gloss) 
Cf. HHM. II. p.29. 
5-6(i) (i). A. ii. 30.; (ii) Br.Sp.Si.xviii. 43. ; 199 |2 
(iii). BBi. R. 101. Cf. HHM. II. p. 41. 
6(ii)-7 BBi. 14911102 Il ; HHM. Il. pp. 126 - 127. | 200 13 
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57-58(i) Cf. (i). BBi. R.56(ii). (ii).G.K. 1x.2324(i). | o5. |4 
58(ii) Cf. (i). L(ASS). Vs.250.; (ii).G.K. ix- 96 l5 

24 (ii); (iii). BBi. R.59(1). 
59(i) Cf. (1). L(ASS).Vs.-256. (ii).G.K. ix- 96 l6 
2561). (iii).BBi.R.64. 
59(iii) Cf. (i). L(ASS).Vs.-256. (ii).G.K. ix- 96 17 
25(i). (iii).BBi.R.64.Cf. 
60 Cf. (i). L(ASS). Vs.248. ; (ii).G.K. ix-26. | 106 | 18 
(iii). BBi. R. 4311 58 II 
61 Cf. (i). L(ASS).Vs.252 (ii-iii).(ii). GK. | 115 |21 
IX.-27. (iii). BBi.R.llV&Il 6111 ; 
HHM. II. p. 112. 
61: Cf. G.K. IX.-28(1). 115 |22 
62 (i). BBi. R. 67(ii). (ii). G.K. ix.R. 28-29. | 151 125 
HHM. II. pp. 121- 122. 
63 Cf. (i). L(ASS).Vs.-254. (1).G.K. ix-30. | 124 |29 
(iii)BBi. R N44 GILL. 
64 (i). MBh. i.45.(ii). BrSpSi. Xviii.9-11. 128 |33 
(iii). (ASS).Vs.257. (iv).BBi..R.ll&&lI711l 
(v). G.K. ix-31. 
66-67 (i).L(ASS).Vs.258.; (11).BBi.R.72. 129 |34 
(iii). G.K. ix. 37(1i)-39. 
3. wif: 
70 (i). BBi. R.75 ; (ii). SiTvi. xiii. vs.209. | 139 |1 
Cf.HHM. II. P. 144. 
72-73(i) | C£ () Br.Sp.Si. xviii.64-65. (ii).BBi. 143 |5 
R.ie2177-78 11 (iii). SiTVi. Xiii.210- 
214. HHM. II. pp. 147- 148. 
73()- Cf. (i) .Br.Sp.Si. xviii.64-65. ; (ii).BBi. 144 |6 
74) R.19 2177-78 1l; (iii). SiTVi. Xiii.210-214. 
HHM. II. pp. 147- 148. 
74Gii)- | BBi. R.N9RI 79 Il ; GK, X, R. 5(ii)-6(i); 147 |10 
75(i) HHM. Il. p. 151. 
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